2005 Multivariate Prototypes

jwiit# refers to page numbers in R.A. Johnson & D.W. Wichern Applied Multivariate Statistical
Analysis 4™ Edition Prentice Hall 1998. Prototype sheets are arranged in this file by jw chapters
with supplementary materials.
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jw010 — Using MathCad to Evaluate Data from Disk Files
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Chapter 02 — Matrix Algebra
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with Contrasts)
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jw283A — Hotelling’s T? Verifying Example
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jw290 — Hotelling’s T? Verifying Example
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USING MATHCAD TO EVALUATE DATA FROM DISK FILES

Prepared by:
Wm Stein

X:= READPRN("\DATA\Tl—Z.DAT" )

1 2 3 n:= rows(X) n=41
0.801[121.41]| 70.42 p=cos(X) p=3
0.824| 127.7| 72.47
0.841| 129.2] 782
0.816| 131.8] 74.89
0.84| 135.1| 71.21
0.842| 131.5| 78.39
0.82| 126.7| 69.02
0.802| 115.1] 731
0.828| 130.8] 79.28
0.819| 124.6| 76.48
0.826(118.31| 70.25
0.802| 114.2] 72.88
0.81| 120.3| 68.23
0.802| 115.7| 68.12
0.832[117.51 71.62 (X2 X2 @)
0.796]109.81| 53.1

Xl, 1= 0.801
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Index variables:
i=1.n j:==1.n k==1..p

Means: Variances:

1

1 2 -3
Xpar = ;.Z X; 1 Xpar, = 0.812 c1,1:= —.Z (xj,l — Xbarl) c1,1=1234x 10
j

n .
J

1 2
Xbar. = —.Z X; 5 Xpar, = 120.953 G2, 2= ;.Z (Xj,z — Xbarz) o2, 2= 57.874
j j
1

1 2
= — X = 772 = — X _ — ] 1
Xoar, nz .3 Xbar, = 67723 ©3,3 nZ( .3 Xbal'g) 63,3= 93519
j

j
Covariances:

1

c1,2:= ;.Z (xj,l - Xbarl)'(xj,z - Xbarz) c1,2=0.164

i
1

62.3:= ;.Z (Xj,z - xbarz)-(xj’3 - xbarg) 62,3 = 59.505

j
1
=— X, . =X (X =X =022
61,3 nZ( i1 barl)( i3 bar3) 61,3

i
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ORIGIN =1

EUCLIDEAN AND STATISTICAL DISTANCE Prepared by:

jw031l.mcd Wm Stein

Using datainjw Table 1.2 but deleting outlier specimen 25:

X := READPRN("\DATA\T1-2-25.DAT")

1

0.801

121.41

70.42

0.824

127.7

72.47

0.841

129.2

78.2

0.816

131.8

74.89

0.84

135.1

71.21

0.842

1315

78.39

0.82

126.7

69.02

0.802

115.1

73.1

O[N] D|W[IN|F

0.828

130.8

79.28

[
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0.819

124.6

76.48

[EEY
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0.826

118.31

70.25

=
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0.802

114.2

72.88

[EEY
w

0.81

120.3

68.23

[
S

0.802

115.7

68.12

[y
a1

0.832

117.51

71.62

=
[©2]

0.796

109.81

53.1

Index variables:

i:=1.n j==1.n

Means:
1
X = — X.
barl n Z J,l
j

1
X = — X.
barz n Z 192
j
1
X = — X.
j
Covariances:

1
=— X. . —X (X, =X
°1.2 nZ( .1 barl)( j,2 barz)

i

1
=— X, =X (X, —X
°2,3 nZ( j.2 barz)( i3 bars)

i

1
=— X. ., =X (X, - X
°13 nZ( j.1 barl)( i3 bars)

i

Xpar, = 0.808

Xpar, = 120825

Xpar, = 67.614

n:= rows(X) n=40

Xl 1= 0.801
p := cols(X) p=3 ’
Scatter Plots:
140 100
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Variances:

1

2
==3" (X - x = 0.001
°1,1:= E ( i1 barl) 01,1
i

1 2
= =3 (X, - x — 58.642
62,2 ”Z(J’Z barz) 62,2
j
633 =" (X. .- xpar |? o3 3= 95.366
3.3= > (Xj,3~ Xoar,)” ©3,3=95
j

1,2 = 0.147

c2,3= 60415

61,3 = 0.207
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Pear son's product-moment correlation coefficients:

01,2

r
62,2

,
|

1.3 63,3
2.3
ry, o= — B — r
2,3° 1,2
Z 62,2403,3

Basic Descriptive Statisticsas Arrays.

X

e, 0.808
Xpar := Xbar2 Xpar = | 120.825

e, 67.614 )

Standardizing M atrix X:

1,2° Z M,2
61,1
61,3
==y r
Z 13
61,1

(Xj, K™ Xbark)
Xgd, | = ———
ik m
1 2 3

1| -0.2771( 0.07643| 0.28736
2 [ 0.64993| 0.89781| 0.49728
3 [ 1.33512| 1.09368( 1.08404
4| 0.32748( 1.43321 | 0.74509
5 1.29482| 1.86414| 0.36826
6 [ 1.37543| 1.39403 1.1035
7 0.4887| 0.76722 0.144
Xsd=|8| -0.2368| -0.74757 0.5618
9| 0.81115| 1.30262| 1.19463
10 0.4484| 0.49299| 0.90791
11| 0.73054| -0.32839| 0.26995
12| -0.2368]| -0.86509 | 0.53927
13| 0.08565| -0.06852 0.0631
14| -0.2368]| -0.66922 | 0.05184
15| 0.97237| -0.43286 | 0.41024
16| -0.47863| -1.43836 | -1.48622

- 0776 r L=
- 0.856 [, =
- 0776 r3,3::
61,1 61,2 61,3 )
Shi=|01,2 62,2 52,3
61,3 02,3 ©3,3)
1M2" 3)

Rh=|T12 T2 M3

1.3 2,3 '3,3)

Standardized Means:

ngbarl =

, :‘_Z 1,17

61,1

61,1y%1,1

, :——Z °2,2 r2’2:1

02,2\02,2

933

03,3y03,3

0.001 0.147 0.207

Sh=| 0147 58642 60.415

0.207 60.415 95.366 )

1 0776 0.856)
Rh=|0776 1 0808
0.856 0808 1 )

Note: Each variableisseparately centered on itsmean, and variance isadj usted to unity

ngbarl =0

1 — 15
xstd = —- X xstd = -6.689 x 10
bar, = — > s, ber, x
j
xstdpey = <57 X xstdpy = 3403 x 10
bar = — > s, bar, = 3
j
Standardized Variances:
1 X xstd 2 1
c = - (e} =
sd, = Z( sd barl) s, ,
j
1 X xstd 2 1
c = - (e} =
sd, , 7, Z( sd barz) sd, ,
j
1 2
=— X — xstd
osd, 4= Z( s, bar3) ouq. =1

j
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Standar dized Covariances:

1
=— X — xstd (X — xstd
osd; = Z( sd; o barl) ( sd; barz) osd, ,= 0.776
J' )
! X xstd X xstd 0.808
p — . _ . — c = 0.
s, 4= Z( s, bar2> ( s, bar3) s,
]
! X xstd X xstd 0.856
p — . _ . — c = 0.
s, 5= Z( sd barl> ( s, bar3) s,
]
Standardized Covariancesin M atrix form:
o0, O, , Osd, ;) 1 0776 0.856)
Note: variance/covariances of
stadar dized data ar e the same Sedn:=| Ostd; , 98, , Osd, 4 Stdn=| 0776 1 0808
ascorrdation coefficientsfrom 0.856 0.808 1 )
theraw data. GStdl,B GStdz,?, GStda,3)
Standardized Pear son's product-moment corr elation coefficients:
O«d Osd
1 1,2 1 1,1
rStdl 2 = EZ [ { rStdl 2 0.776 rStdl 1 = EZ [ { rStdl 1 !
i Gadl,l. cYStdz,z i Gadl,l. GStdl,l
O«d Osd
1 1,3 1 2,2
rStdl 3 = EZ [ { rStdl 3 0.856 rStdz 2 = EZ [ { rStdz 2 !
i Gadl,l. cYStde,,3 i GStdz,z. cYStdz,z
o«d Osd
1 2,3 1 3,3
rgdz 3 = ;Z rgdl ) = 0.776 rgds 3 = ;Z rgds 3 =1
i \/ GStdz,z.\/ cYStde,,3 i \/ Gads,s.\/ cYStde,,3
Standardized Correlation cogfidentsin Matrix form:
Note: Oncethedata are fstd, . Tstd, , fstd \
standardized, correlationsarethe 1.1 1,2 1.3 1 0776 0'856\
same asvariance/covariances! Retd.n = rStdl,Z rstd2’2 rgd2,3 Rgdn=|0776 1 0.808
0856 0.808 1 )
r r r
stdl’3 stdz,3 sds, 3 )
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Squared Euclidean Distances:

Pick a point of reference Q from which to

Xbarl\ measure distancesto each point in the data: 0.807875
Q:= Xbar2 Note: | choose to use the sample mean in all Q=| 120.82475
Xbar threevariablesin thisexample. 67.61375 )
3)
_ 1 2 3
Squared Euclidean Components: 1 0.00005 0.34252 7.87504
2 0.00026 47.26906 23.58316
3 0.0011 70.14481 112.06869
Compsq, | = (X ik Qk)z 4 0.00007|  120.45611 52.94381
5 0.00103 203.78276 12.93301
6 0.00116 113.96096 116.12756
Squared Euclidean Distances: 7 0.00015 34.51856 1.97754
Compsq =8 0.00003 32.77276 30.09894
9 0.00041 99.50561 136.10139
D= Z Compsqj,k 10 0.00012 14.25251 78.61039
k 11 0.00033 6.32397 6.94981 Do
Note: In multivariate statistics 12 0.00003 43.88731 27.73339
often convenient to use square 13 4.51563-10 -6 0.27536 0.37976
distancesrather than distance 14 0.00003|  26.26306 0.25629
order to avoid taking squarer
lot of thetime. 15 0.00058 10.98757 16.05004
16 0.00014 121.32472 210.64894
Squar ed Statistical Distances:
X
barl\ Pick a point from which to measure 0.807875 \\
Q:= Xbar2 distancesto each point in the data: Q= | 120.82475
e, 67.61375 )
1 2
Squared Statisticcal Components: 1| 0.07678] 0.00584 | 0.08258
2 21 0.42241 | 0.80606 | 0.24729
(xj, Kk~ Qk) 3| 1.78255( 1.19614 | 1.17515
SCompgy, | = —F—
ik 41 0.10724| 2.05408 | 0.55517
oK 51 1.67655| 3.47501 | 0.13561
Squar ed Statistical Distances: 6| 1.89181.94332| 1.21771
7 1 0.23883| 0.58863 | 0.02074
SD;:= ) SCompsg  ~ SCOMPsy = | 8 | 0.05607 | 055886 | 0.31562 SD =
k 9| 0.65796| 1.69682 | 1.42715
10| 0.20106| 0.24304 | 0.8243
Now let'scompar e what happens 11( 0.53369| 0.10784 | 0.07288
when we usethe standardized date 12| 0.05607| 0.74839 | 0.29081
13| 0.00734| 0.0047 | 0.00398
14| 0.05607| 0.44785| 0.00269
15( 0.94551| 0.18737 | 0.1683
16| 0.22909| 2.06889 | 2.20885

DISTANCESOF DATA POINTSIN X FROM A FIXED REFERENCE Q:

1

8.2176

70.85249

182.2146

173.39999

216.71681

230.08969

36.49625

62.87174

Ol N[O | W] N|F

235.60741

[EEY
o

92.86303

[EEN
[N

13.27411

[EEN
N

71.62074

[EEY
w

0.65513

[y
N

26.51939

[EEY
o1

27.03819

16

331.9738

1

0.1652

1.47575

4.15384

2.71649

5.28717

5.05283

0.8482

0.93055

Ol N[O B W[N|F

3.78193

[EEY
o

1.26841

IR
[EEN

0.7144

[EEN
N

1.09527

[EEY
w

0.01601

[y
N

0.50661

[EEY
o1

1.30117

[EEN
(<2}

4.50683
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Squared Euclidean Distances:

DISTANCESOF DATA POINTSIN Xstd FROM A FIXED REFERENCE Q:

Qstd := XStdbarz Note: Meanshereare zero. Qstd = | ~6.689094 x 10 15 |
xStdpar, ) 3402834 x 107 ° )
Squared Euclidean Components: 1 2 3
1 1.17717 | 14580.15799 | 4532.84246
2 0.02495 | 14382.47185| 4504.61997 1
CompStdsqj,k = (XStdj,k - Qk)2 3 0.27799| 14335.52816 | 4426.20213 1| 19114.17761
4 0.23078| 14254.34086 | 4471.41709 2 | 18887.11677
5 0.23711| 14151.62745| 4521.95603 3 | 18762.00827
Squared Euclidean Distances 6 0.32212| 14263.69686 | 4423.61368 4 | 18725.98873
7 0.10187| 14413.81028 4552.167 5| 18673.8206
Compstdgy =| 8 1.09134 | 14779.82847 | 4495.96442 6 | 18687.63265
9 0.00001 | 14285.53946 | 4411.49892 7 | 18966.07915
Dstdj = Z Compstdg 10 0.12922 14479.732 | 4449.66884 ostd =| 8 | 19276.88422
k 11 0.00598 | 14678.08315 | 4535.18681 9 | 18697.03839
12 1.09134 | 14808.41827 | 4498.98605 10| 18929.53006
13 0.52161| 14615.18384 |  4563.0897 11| 19213.27594
14 1.09134 | 14760.78395 | 4564.61162 12| 19308.49565
15 0.02706 | 14703.40736 | 4516.31128 13| 19178.79516
16 1.65509 | 14948.26899 | 4774.80598 14| 19326.48691
Squar ed Statistical Distance.. 15| 19219 7457
XStdbarl\ 0 \ 16| 19724.73006
Pick a point from which to
Qstd := xstdbar2 ‘ mgasu.redistancestoeach Qstd = | —6.689094 x 10 15 |
point in the data:
xStdpar, | 3402834 x 10 ° )
. 1 2 3 1
Squared Statisticcal Components: 1| 1012.36209| 248.62822| 47.53112 1| 0.1652
5 2 40.52816| 245.25718| 47.23518 2 | 1.47575
(XStdj,k - Qk) 3| 451.60431| 244.45667 46.4129 3| 4.15384
SCompstdgy, = ———
ik S“k,k 4| 374.90573| 243.07222| 46.88702 4 | 2.71649
5| 385.19735| 241.3207| 47.41697 5 | 5.28717
Squar ed Statistical Distances: 6 | 523.28053| 243.23176| 46.38576 6 | 5.05283
7| 165.49093| 24579157 | 47.73376 7| 0.8482
SDstdj = ZSCompsqj’k SCompstdsy = | 8 | 1772.91724| 252.0331| 47.14442 )std = | 8 | 0.93055
k 9 0.01742| 243.60424| 46.25872 9 | 3.78193
10| 209.92726| 246.91571| 46.65897 10| 1.26841
Note: If the data ar e standardized, 11 9.71629| 250.29809 47.5557 11| 0.7144
then variances of each variabl e wil 12| 1772.91724| 252.52063| 47.17611 12[ 1.09527
bethesameBUT IF covariance
between the variables isgr eater 13| 847.37548| 249.2255| 47.84829 13| 0.01601
than zero, Statistical distanceisnao 14| 1772.91724( 251.70834 47.86425 14| 0.50661
the same as Euclidean distance. 15|  43.9587| 250.72993| 47.35778 15[ 1.30117
16| 2688.76013| 254.90543| 50.06834 16| 4.50683
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Original Scatter Plots:

140 100
w 80 oot
. e (® ol
X<2> 120 —. LI .. .. — .X. . o ® o
e o o R u. $° 60 . ]
. o o, o,
L] I I
100
0.75 0.8 0.85 100 12<2> 140
X<1> X
100
80 o e 4]
°® .'. 3 o
X<3> R
e o o 60 | . _
|
40
0.75 0.8 0.85
) (D
Standardized Scatter Plots: X
2 T v 2 T
LX) :‘
3 A
or e, - '.. : ¢
* . e o <3> - .‘: :' _.
Xstd<2> . . ..i Xstd 0
o o o _2 | . ] _ .
s,
| | - ol * °1
-4 _ _
-2 — 0 5 4 2 <2>O 2
(v X
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2
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o0 o o °
Xstd<3> ok S ]
- [ . l
—4 -2 0 2
(D
Xstd

Note: The effect of standar dizing data is to center each axison zero, and to
givedistribution for each variableequal size However, because covariance
still existsbetween the variables, it still matters what direction distance is
measured. Euclidean distance along the direction of maximum scatter is
statistically lesssurprisingthan the same distancein the dir ection of
mimimum scatter.

INANUTSHELL, THISISWHAT MULTIVARIATE
METHODSARE ALL ABOUT!

Xstd

THE PHENOM ENON OF COVARIANCE:

1

2

3

-0.2771

0.07643

0.28736

0.64993

0.89781

0.49728

1.33512

1.09368

1.08404

0.32748

1.43321

0.74509

1.29482

1.86414

0.36826

1.37543

1.39403

1.1035

0.4887

0.76722

0.144

-0.2368

-0.74757

0.5618

Ol N|o|o| B~ W[ DN|F

0.81115

1.30262

1.19463

[EEY
o

0.4484

0.49299

0.90791

[N
[EEN

0.73054

-0.32839

0.26995

[EEY
N

-0.2368

-0.86509

0.53927

[EEN
w

0.08565

-0.06852

0.0631

[EEY
N

-0.2368

-0.66922

0.05184

[EEN
o1

0.97237

-0.43286

0.41024

[EEY
(2]

-0.47863

-1.43836

-1.48622

Squarring each valuein the
standar dized data matrix Xgq:

ViK'=

2
X
( Stdj,k)

1

2

3

0.07678

0.00584

0.08258

0.42241

0.80606

0.24729

1.78255

1.19614

1.17515

0.10724

2.05408

0.55517

1.67655

3.47501

0.13561

1.8918

1.94332

1.21771

0.23883

0.58863

0.02074

0.05607

0.55886

0.31562

Ol N[O B W[N]

0.65796

1.69682

1.42715

=
o

0.20106

0.24304

0.8243

(I
[

0.53369

0.10784

0.07288

[EEY
N

0.05607

0.74839

0.29081

[EEY
w

0.00734

0.0047

0.00398

[y
i

0.05607

0.44785

0.00269

[EEY
o1

0.94551

0.18737

0.1683

=
()]

0.22909

2.06889

2.20885
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ORIGIN = 1 LINEAR TR_ANSFORMATIONS Prepared by:
jw060.mcd . 1] 2
L . . Wm Stein
Reading in a grid of data points: 1l 5l 5
X := READPRN("\DATA\grid.txt" ) n:=11 <Predefined width of grid. 2|4
3(-3|-5
Matrix M (2 X 2) specifying a linear transformation: 4125
5] -1| -5
1.0 0.3) _ 6| 0|5
= <Change these values to see different patterns! 211l 5
03 1.0) -
X=|8| 2| -5
The transformation: 9| 3| -5
Y = M-XT 10 4 -5
11| 5( -5
Matrix Y of transformed points: 12| 5| -4
13| -4| -4
1 2 3 4 5 6 7 8 9 10 14| -3| -4
Y = -6.5(-55|-45|-35(-25|-1.5(-0.5| 05| 15| 2.5 15| 2| 4
-6.5(-6.2|-59|-56(-53| -5(-4.7|-44|-41|-38 16| -1] -2
- A T T
Plotting points: XX :=X YY: =Y
Note how the points have been
10 moved by "warping” the underlying
two-dimensional space.
% X X Every Matrix M specifies a different
5 FE 44+ +><4_><+st<><_',<_¢<><>< _ warping of the space.
+ +X+X+x+><J5< X Kok
+ R K % KX
) +§(*>ﬁ4x+x+x+x-b<-|><§
X o+ 2 X s X % ¥>§:
YY Xk X Tk X KT 1| 5] 5 1]-65|65
XXX x+x+><kx+x+x+x;-< X -X{ +
x_|.x.|.)(+ .4).( X 35)1_ N )_q_x + 2 -4 -5 2|-55(-6.2
R X F g KX+ 3| 3] 5 3[-45[59
X X . .
-5 Y o -
oox X X 4| 2|5 4|-35]-56
5(-1| -5 51-25(-53
6| 0| -5 6 [-1.5| -5
| | |
—10 - - -
~10 -5 0 5 10 y 71 1| -5 YT 71-05(-4.7
=8| 2] -5 =8| 05(-44
x<1>,YY<1>
9| 3| -5 9| 15(-41
Displacement of points: 10| 4| -5 10| 25| -3.8
11| 5( -5 11| 3.5|-35
Z:=X- YT < The displacement matrix. 12| 5| -4 12| -6.2|-55
13| 4| -4 13|-5.2|-5.2
14| -3 4 14]|-4.2]1-4.9
15| -2| -4 15|-3.2|-4.6
16| -1 -4 16| -2.2|-4.3
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Vector Plot:

This graphing function for vector plots in Mathcad is not well implemented,
S0 vectors are more-or-less correct (depending on values chosen for M).
But you can get the idea here...

In the example here, vector heads represent points in X,
and vector tails represent pointsin Y.

77 =7 i:

Il Il
=P
> N
< x
=~ i
Il

|_\
H

=}
=}

j:

ZX =27

Kk, k = 221, (kk-1)-nek Dk k=

22 (Kk-1)-nk

ol NV W o

%“:\RRREEE

h\\'ﬂmhﬁ_f
L

R A
“ o oy
ﬂql{l{‘""’i,i,‘;
{ T &% & ; '*Jr{rl%
Tﬁ"ff, Vi % Y
oy

ﬁﬁf’,r,-_ﬂ_u
oy

ﬁﬂﬁ;;_,ﬂ
A A = TV NN
B ot RN
' St S C NN

(2Zy,Zx)

From this, it is easy to see that Linear Transformations in two dimension have two directions in the fabric
of the warp that involve lengthening or shortening vector lengths only - but not changing their directions.
In general there are n - many such directions in an n-dimensional space.

These are the Eigenvector directions!
The amount of streatch or shrink are recorded by the Eigenvalues.
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ORIGIN =1 POINTS IN SPACE, THE LINEAR TRANSFORMATION, AND USE OF THE Prepared by:
VARIANCE/COVARIANCE MATRIX TO CALCULATE DISTANCES P . y:
. Wm Stein
jw066.mcd
Points of Equal distance from the origin of a coordinate system:
j=1.100 0= 221 c:= 2488 1 2
100 1| 2.48309| 0.15622
Cxq = c~cos(ej) Cxp = c-sin(ej) 2 | 2.46838| 0.31183
) ) 3 [ 2.44393| 0.4662
_ _ _ 4 | 2.40983| 0.61874
C := augment(Cxy, Cxy) < points on a circle of radius ¢ = 5365623 076883
. 6 | 2.31328| 0.91589
7 | 2.25121| 1.05934
All of the points on this circle are N ] C=|s8/| 218025 1.1986
some unforg_etable n_umber =c 9 | 210069 1.33314
units of Euclidean Distance from E 3 ol 201283 T26241
the center. C(z) o i = : .
. : i 11| 1.91704 | 1.58591
e | 12| 1.81367| 1.70315
------------- 13[ 1.70315( 1.81367
4 | | | 14| 1.58591 | 1.91704
) 0 2 4 15| 1.46241| 2.01283
S 16| 1.33314] 2.10069

Calculating squared distances for all vectors in C:
using squared Euclidean distance in matrix form:

n := rows(C)
1
i:=1.n 1] 6.19014 )
2 | 6.19014 c = 6.19014
3| 6.19014
D= (C'CT>' i 4 | 6.19014 i di :
’ . The main diagonal of data coordinates
5 | 6.19014 matrix times its transpose.
6 | 6.19014
7 | 6.19014
D=|8] 619014 Note: Like others in the field of
9| 6.19014 Multivariate statistics, | will
10| 6.19014 sometimes be sloppy and fail to
make the distinction between
11| 6.19014
DISTANCES per se and
12| 6.19014 DISTANCES squared. Whereas
13| 6.19014 the former sometimes has
14| 6.19014 physical meaning, the _Iatter i_s
15] 619014 ofteq used for calculations with
matrix algebra.
16| 6.19014
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Now let's subject the points of the circle to a Linear Transformation:

1 017\ Note: | have deliberately chosen a
= ( symmetric matrix, but you can choose
07 1) whatever you want.
cc=m-Ccl
4 |
2F T
The circle is . .
oW an ( T)<2> ol - _
cc K .
ellipse! T ’
-2 1
Lo
-4 I I |
4 -2 0 2 4
(D
(cc)

Now play with other values of M to see what happens!

In general, Linear transformations serve as an excellent means to model covariance in real data.

CcC

1

2

2.59245

1.89439

2.68666

2.0397

2.77027

2.17696

2.84295

2.30562

2.90441

2.42519

2.95441

2.53519

2.99275

2.63519

3.01927

2.72478

O|lo| Nl |l W[IN]| -

3.03388

2.80362

[EEY
o

3.03652

2.87139

[N
[EEN

3.02717

2.92784

[EEY
N

3.00588

297272

[EEN
w

2.97272

3.00588

[EEY
N

2.92784

3.02717

[EEN
o1

2.87139

3.03652

[EEY
(2]

2.80362

3.03388

Because all points in the plane are "warped" by the Linear transformation, what is now an ellipse
can be viewed as retaining an equal STATISTICAL distance from the center.

Calculating squared statistical distances for all vectors in C:
using squared Statistical distance in matrix form:

Mean Vector and Variance-Covariance Matrix of Transformed Data Matrix CC:

n:= rows(CCT) i=1.n lvec =1 | := identity(n)
|
1
Xpar = —-CC-lyec . (0\
n bar =
1 \ T o)
.
Scei= T 1'CC'(' ~ 1 Iveclvee )'CC 465824 437687
C~ 437687 4.65824)

ED, := (CCT-CC>i i <- Eucledian distances (squared)
’ for points on the ellipse

SDi = (CCT-SCC_ 1~CC>_ . <- Statistical distances (squared)
b for points on the ellipse

s

Note: Although scaled differently, the important thing to

note is that Statistical Distances are identical for all of the

points on the ellipse whereas Euclidean Distances are not.
(oops - forgot to say squared...)

ED =

1

10.30948

11.37851

12.41356

13.39829

14.31718

15.15574

15.90074

16.54043

Ol N[O B W[N]

17.06473

=
o

17.46536

(I
[

17.73601

[EEY
N

17.87242

[EEY
w

17.87242

[y
i

17.73601

[EEN
o1

17.46536

=
()]

17.06473

SD =

1.98

1.98

1.98

1.98

1.98

1.98

1.98

1.98

Ol N[O B W[N]

1.98

=
o

1.98

[N
[

1.98

[EEY
N

1.98

[EEY
w

1.98

[y
i

1.98

[EEN
(&)

1.98

=
(o]

1.98
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Can we can undo the Linear Transformation specified by M?? 1 2
1] 2.59245( 1.89439
Finding the inverse of matrix M: 2| 2.68666| 2.0397
1 07) -1 (196078 -137256) _1 (10) 8 | 2.77027) 2.17696
= = = 4| 2.84295( 2.30562
07 1) ~1.37255 1.96078 ) 01)
5[ 2.90441]| 2.42519
Transforming the data using the inverse matrix: 6] 2.95441| 2.53519
T 7 | 2.99275]| 2.63519
-1 =
cB=M Lce CC' =|83.01927| 2.72478
9 [ 3.03388]| 2.80362
10| 3.03652| 2.87139
1 2 1 2 11| 3.02717| 2.92784
1| 2.48309]| 0.15622 1| 2.48309]| 0.15622 12| 3.00588| 2.97272
2 | 2.46838| 0.31183 2 | 2.46838| 0.31183 13| 2.97272| 3.00588
3| 2.44393| 0.4662 3 | 2.44393| 0.4662 14| 2.92784| 302717
4 | 2.40983| 0.61874 4 | 2.40983| 0.61874 15| 2.87139| 3.03652
5 | 2.36623 | 0.76883 5 | 2.36623 | 0.76883 16| 2.80362 | 3.03388
6 | 2.31328| 0.91589 6 | 2.31328( 0.91589
T 7 | 2.25121] 1.05934 7 | 2.25121] 1.05934
CB =|8| 2.18025| 1.1986 C=|8|218025| 1.1986
9 [ 2.10069| 1.33314 9 [ 2.10069]| 1.33314
10| 2.01283 | 1.46241 10| 2.01283| 1.46241 Good Grief, that's all thereist to it!
11] 1.91704 | 1.58591 11] 1.91704( 1.58591 . .

Linear transforming the data through
12| 1.81367| 1.70315 12| 1.81367| 1.70315 the inverse of a matrix undoes the
13| 1.70315| 1.81367 13| 1.70315| 1.81367 original transformation.

14( 1.58591| 1.91704 14( 1.58591| 1.91704
15| 1.46241 | 2.01283 15| 1.46241 | 2.01283
16| 1.33314| 2.10069 16| 1.33314| 2.10069
3
However, the problemis thatinreal | Leeeeeell,
situations involving elliptically o _
scattered data, we lack prior
knowledge of the original Linear
Transformation represented by M. 1 7]
Until some statistician tells me ( T)<2> ok _|
otherwise, it would seem that C.:B.
recovering the "original scale" of the
datais not possible from the 1 7]
variance/covariance matrix alone.
- _
Such aconcept of "original scale"in [ e L
prior real data probabally doesn't mean | | | |
- . -3
much anyway, and statistically this -3 - -1 0 1 2 3

limitation is unimportant.
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PLAYING WITH REAL-LOOKING DATA:

Creating A Multivariate Normal Distribution:

n := 1000 <Number of points

pp1:=0 po:=0 pgz:=0

c1:=1 cp:=1 o3:=1

Xq:= rnorm(n,pl,cl) Xo = rnorm(n,pz,cz) X3:= rnorm(n,p

X := augment(X1,X2,X3) <Data array

Mean Vector and Variance-Covariance
Matrix of Data Matrix X:

lvec, =1 | := identity(n)
bar =
;
Xpar = —- X" -lvec 0)
oL T 1T, 09701 -0.00983 0.02039)
o1 veclvec % g — | 000983 095573 0.01914
002030 001914 1.0472 )
j=1.50
DD, := (x-x7)

" ’ X2 ’ "l

( )

What we have here is a nice spherical ball of points with fuzzy edges.

J51

2.62)

1 2 3
1] -0.43897| 0.63434 | 0.17454
2| -0.67941| 0.29209 | 0.55938
3| -0.47329( 0.14146| -0.97268
4 [ -0.95147| 0.34771 0.7135
5] -1.68568 | -0.38343 0.7757
6 | 0.04353| -0.06994 | 0.25824
7 1-0.12063( -0.9638| 0.55301
X =|8| 0.55643| -0.55921 | -0.63348
9| 2.19179( -2.05691 | 1.43786
10| 0.80873( -0.16582| -0.2259
11| 0.98514| 0.10421 | 0.99399
12| 0.86223( 0.71155 0.4259
13| 0.91557| -1.22359 | -0.34793
14 0.673| 1.53579( 0.17871
15( -1.04431| -0.09462 | 0.68205
16| 0.06908( -0.85186 0.1789

Calculating Euclidean Distances
(squared) for the first 50 points:

1
0.62555
0.85981
1.19012
1.53527
3.59027
0.07347
1.24929
1.02363

11.10224
0.73258
1.96937
1.43113
2.45649
2.84353

DD =

O|lo| N[O B|W[IN]| -

[EEN
o

[N
[N

[EEN
N

[EEY
w

[EEY
n
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Simulating Correlation between variables in Matrix X:

1.2 .4) N
Mgm:=1].2 1 .3 Y = (Mgm.x ) < New Data Matrix Y
4 3 1)
1 2 3
1| -0.24229| 0.59891 | 0.18926
Mean Vector and Variance-Covariance 2 | -0.39724| 0.32402| 0.37524
Matrix of Data Matrix Y: 3 [ -0.83206 0245 | -1.11955
4| -0.59652| 0.37146| 0.43723
1T —0.03461\ 5[ -1.45209( -0.48786| -0.0136
Yhar = E-Y “lvec Yoo = | 0.04403 6 | 0.13284| 0.01623| 0.25467
003023 ) 7 | -0.09219| -0.82203 | 0.21562
1 T 1 - Y =|8| 019119 -0.63797 | -0.57868
Sy = Y= =y Y

Yo ( vecvee ) 119132 051716 0.89031) 9| 235555|-1.18719| 1.6975
Sy = | 051716 1.09878 0.70135 10| 0.68521| -0.07185| 0.04784
080031 070135 131387 ) 11| 1.40358| 0.59943| 1.41931
12| 1.1749| 1.01176| 0.98425
13| 0.53168| -1.14486 | -0.34878
14| 1.05164| 1.72401| 0.90865
15| -0.79042 | -0.09887 | 0.23594
16| -0.02973 | -0.78437 | -0.04902

ji=1.50

' SDD, - (YSY_ 1-YT)J_ j

1

0.64177

0.86914

1.14132

1.55742

3.73841

0.07098

1.30558

1.02393

Ol N[O B W[N|F

11.2466

(Y<1> ’ V2 ’ Y<3>)

[EEY
o

0.75513

[EEN
[EEN

1.91505

[EEN
N

1.45701

What we have here is an ellipsoidal "squashed football" with fuzzy edges.

[EEY
w

2.51928

[y
N

2.97404

Calculating Statistical Distances
(squared) for the first 50 points:
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Using Mg;,"! to undo Correlation between variables in Matrix Y:

Z:= Mgm LyT < Z = Recovering Matrix X

Mean Vector and Variance-Covariance
Matrix of Recovered Data Matrix Z:

-0.05975)
Zari= 2 lvec Zper = | 0.04368
0.04103 ) T
1 1 T\ T z
Szi= =Z{ 1= =lyeclvec |-Z
Z 7 ( n V& V&) 0.96913 -0.00982 0.02037")

Sy =|-0.00982 0.95477 0.01912
0.02037 0.01912 1.04615 )

@) )]

1 2 3
1] -0.43897| 0.63434( 0.17454
2 -0.67941| 0.29209| 0.55938
3| -0.47329( 0.14146| -0.97268
4 [ -0.95147| 0.34771 0.7135
5| -1.68568 | -0.38343 0.7757
6 | 0.04353]| -0.06994 | 0.25824
7 1-0.12063| -0.9638| 0.55301
8 | 0.55643| -0.55921 | -0.63348
9| 2.19179| -2.05691 | 1.43786
10| 0.80873| -0.16582| -0.2259
11| 0.98514| 0.10421 | 0.99399
12| 0.86223| 0.71155 0.4259
13| 0.91557] -1.22359 | -0.34793
14 0.673| 1.53579| 0.17871
15( -1.04431| -0.09462 | 0.68205
16| 0.06908| -0.85186 0.1789

Compare Z with X.

Lucky we had Mg;.,!

1 2 3
1] -0.43897| 0.63434| 0.17454
2| -0.67941| 0.29209 | 0.55938
3| -0.47329( 0.14146| -0.97268
4 [ -0.95147| 0.34771 0.7135
5] -1.68568 | -0.38343 0.7757
6 | 0.04353| -0.06994 | 0.25824
71 -0.12063( -0.9638| 0.55301
8 | 0.55643]| -0.55921 | -0.63348
9| 2.19179( -2.05691 | 1.43786
10| 0.80873( -0.16582| -0.2259
11| 0.98514| 0.10421 | 0.99399
12| 0.86223( 0.71155 0.4259
13| 0.91557| -1.22359 | -0.34793
14 0.673| 1.53579( 0.17871
15( -1.04431| -0.09462 | 0.68205
16| 0.06908 | -0.85186 0.1789
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MATRIX ALGEGRA TOOLBOX FOR MULTIVARIATE METHODS
jw084.mcd

ORIGIN=1
Prepared by: Wm Stein

VECTORS:

We'll use vectors x,, and scalar ¢ here:

3) 1)
Xp:=|-1 Xp=| 2 c=5

4) -2)
Vector Addition & Scalar Multiplication:

4) 5 )
X1 +Xp=|1 c-xp=| 10

2) -10)

Vector Multiplication:

X1-Xo = =7 x1T~x2 =(-7) Several vector products have been defined. We will mostly use the
"inner product” (= dot product) which is the same as matrix product.
3 6 -6)
T In general, the dot product is not commutative. Note how Mathcad treats
xpxg =|-1 =2 2 vector multiplication here. (-7) is a (1X1) vector whereas -7 is a scalar
4 8 -8) number, and x,Tx, does not equal x;x,".

In general, it is best to specify the product you want by using the
Transpose function on the Matrix pad.

Vector Length & Angle between two vectors:

Note use of absolute value

_ T ‘ B _ ‘ T ‘ _ (Determinant) function on Matrix pad
Lx1 = ‘\/ X1 oXq| bx1=509902 Lyp:= |/ x2 -Xo| Lx2=3 to convert datatype for L, & L, from

matrix to scalar numbers.

|x1| = 5.09902 |x2| =3 Length can also be found by using the Determinant function alone on the
Matrix pad, but itis important not to forget the original definition.

Ty )
X1 X2 .
cosg = | ——— cosg = (—0.457604 ) 0 is the angle between vectors x & y

Lx1-Lx2 ) cosg is the cosine of 8

Note: units for 6 are obtained in Mathcad

0 := acos(cos 0 = (2.046095 ) rad 6 = (117.232626 ) deg by typing "rad" or "deg" in thetrailing
0
box following an evaluation.

When vectors are: PARALLEL, 6 =0 or 180deg, & cosg = 1.
PERPENDICULAR, 6 =90 or 270 deg, & cosy =0; also x'y =0
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Projection of one vector onto another:

Projection of x; onto x,: Projection of x; onto x,:
T "l
_ X1 X2 ) X2 X1
Prolxionx2 = 7T—— X2 Prolx2onx1 = 7T——7X1
[x2" ) AR
0.777778 0.807692
projxlonxz = 1555556 proszonxl = —0269231
~1.555556 1.076923 )
Note: this is a way to convert from one coordinate system to another.
MATRICES:
We'll use Matrix A & B and scalar c here: Summary numbers
about Matrices:
0 3 1) 1 -2 -3)
= B:= c=7 rows(A) = 2
1 -1 1) 2 5 1)
cols(B) =3
Matrix addition and scalar multiplication:
rank(A) = 2
11 -2) 0 21 7) , _ ,
A+B= C-A= Note: Matrix rank gives the number of linearly
34 2) 7 -17) independent columns (= rows) of a matrix.
Matrix Multiplication:
-9 16
A-B=u AT~BT: ] A~BT: \
0 -2)
2 5 1 ‘\ 2 1 3 \ Note: Multiplication is not commutative and
AT~B 11 _11 —10 BT~A |5 11 3 here in Mathcad,.you MUST use the
Transpose function to multiply properly!
3 3 -2) 1 -10 -2)
X]_T-A =1
1 T _T
A-x1 = xo -B =(3 10
1 (8) 2 ( )

Special kinds of Matrices:
S = SQUARE MATRIX: a matrix, where rows(S) = cols(S)

4.7 6) 2 0 0) M=SYMMETRIC MATRIX: a kind of Square matrix, where M = MT
sS=[5 11 D=|0 4 0 D = DIAGONAL MATRIX: a kind of _Symmet_ric_matrix,
} } where Dij =0 for indices i & j not equal.
321 00 -9 I = IDENTITY MATRIX: a kind of Diagonal matrix where I;; = 1.
157 100} 1 -5 7) 20 0) 10 0)
M=|-5 2 4 =10 10 MT:—524 DT:O4O |T2010
7 4 3) 00 1)

7 4 3) 00 -9) 00 1)
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Matrix Inverse: rows(B)\ 2\

1 _ 1 Is(B | |3 A matrix inverse only exists for Square matrices
B "=u (B ) = cols(B) | = in which the number of rows or columns is the
rank(B)) 2) same as matrix rank. Such matrices are called

NONSINGULAR. A matrix that fails this condition
istermed SINGULAR

~0.041667 0.208333 0.041667 ) ‘rows(S)) (3)
-1 _ The inverse of a square matrix is the matrix such
S = | 0083333 0563333 1083333 cols(S) | =3 that when multiplied with the original matrix

0291667 0541667 -1.291667 ) \rank(S) ) \3) yields the Identity matrix.

1
3 0 O \
20 0) 05 0 0 . 05 0 0 ) B 10 0)
b-lo a4 o D—1: 0 025 0 0 2 0 |=| 0 025 0 D-D "=|0 0
00 -9) 0 0 -0111111) 1 0 o -om) 00 1)
0O 0 —
_9)
Whereas some matrix inverses (such as for diagonal matrices
shown above) are easy to determine most require extensive
calculations that are best left to a computer algorithm. 1 10 O\ 1 10 O\
S S=(010 SS =010
Note however, that dueto rounding errors in calculating
T . ) . 00 1) 00 1)
matrix inverses, it is a wise precaution to calculate the
Identity products as acheck for bad behavior.
1)
Orthogonal Matrix: 0
0 An Orthogonal matrix has
1 1 1 1\ 0 row (gnd column) vectors
—_— = = = 0 of unitlength and
2 2 2 2 perpendicular to each
1 -1 1 1 1 other also meaning that
2 2 92 9 © 0 their dot product is zero.
Q= i:=1. rows(Q .
e I 17| = ‘Q<i>T.Q<j>‘_ 0
2 2 2 2 |17+ “lo
1 1 1 -1 0
2 2 2 2) 1
0
-05 05 05 05) -05 05 05 05) 0
-1 05 -05 05 05 T 05 -05 05 05
Q "= Q = 0
05 05 -05 05 05 05 -05 05 0
05 05 05 -05) 05 05 05 -05) 1)
Also, the inverse of an Orthogonal matrix is the same as its Transpose.
1 0 0) 1 0 0)
|—1_ 01 0 IT_ 010 Here's another somewhat dippy example of an Orthogonal matrix!

But, see also eigenvector Matrix E below...
00 1) 00 1)
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Eigenvalues and Eigenvectors:

1 -5 7) 5.759946 0.340179 -0.674399 -0.655335 )
M=|-5 2 4 eigenvals(M) = | 9.08647 eigenvecs (M) = | -0.859124 0.06046 -0.508184
7 4 3) -8.846416 ) -0.38234 -0.735887 0.558825 )

Eigenvalues and Eigenvectors may be calculated for any Square matrix, although you may not like the
numbers you see - such as negative or complex eigenvalues.

X := READPRN ("\DATA\T1-2-25.DAT")

i:=1.rows(X) n:=rows(X) |veci =1 | := identity(rows(X))
0.000631 0.151239  0.212717 )
.xT.(l—i.lvecwvecﬂ.x S—| 0151239 60146061 6196442
" / 0.212717 61.96442 97.811055 )

1
n-1

S:=

A = eigenvals(S)

0.000156 0.999998 0.001815 -0.000364 )
E := eigenvecs(S) A = | 143.742079 E =| -0.000789 0.595486 0.803365
14.215513 ) -0.001675 0.803364 —0.595486 )
1)
Eigenvectors are normalized to have unit length. i:=1.rows(E) j:=1.rows(E 0
0
IFthe matrix from which they are drawn is
Symmetric, THEN Eigenvectors are perpendicular 0 1\\ oT G 0
to each other, and the matrix E of all Eigenvectors |EI | =1 EV EV| =1
as columns (rows) is an Orthogonal Matrix. 1) 0
0.999998 0
)1 = 0.000156 eigenvec(S, x1) = | —0.000789 0
-0.001675 ) 1)

0_001315‘\ If Eigenvalues are differ from each other, Eigenvalues &
. Eigenvectors must always be associated in pairs.
Ao = 143.74207 e|genvec(S , 7»2) = | 0.595486 g y P

0.803364) It is important not to mix them up!
0.000364 ‘\ The Eigenvec function in Mathcad allows you to form the

. iat irs.
%3 = 14215513 eigenvec(S, 1.3) = | -0.803365 P OPratepalrs
0.595486 )

Here's a safe way to ALWAYS associate Eigenvalues A with Eigenvectors as columns of E:

i:=1. rows(S)
: W
A = reverse (sort(eigenvals(S))) E = elgenvec(S,ki)
143.742079\ 0.001815 0.000364 0.999998 \
A =| 14.215513 E =| 0.595486 -0.803365 -0.000789

0.000156 0.803364 0.595486 —0.001675 )
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Spectral Decomposition of a Matrix:

This technique is often used when treating
variance-covariance matrix S of a dataset.

i:=1. rows(S)

§
.- (x. OO )

The original matrix S can be restated as
a sum of Partial Matrices P derived from
the Eigenvalues and Eigenvectors of S.

Summing the Partials, reconstitutes S.

0.000631 0.151239 0.212717 \
Pj =1 0.151239 60.146061 61.96442
i 0.212717 61.96442 97.811055 )

Singular Value Decomposition of a Matrix:

Using the Matrix A defined in JW Example p. 102-103:

m := rows(A) k:= cols(A)
YU = reverse(sort(eigenvals(AAT)))
YV = reverse(sort(eigenvals(ATA)))

i=1. rows(A A ) j=1. rows(AT~A)

U = elgenvec(
G T
v = eigenvec| A -A,yy.
]

(2

1.88x 10° °

—-0.0042
0.0031

~1.2286x 10/

11

0.0002

7

-1.2286x 10 ° 9.6921x 10

7 10

|\—2.6085x 10 ° 2.0578x 10

0.000631 0.151239  0.212717
S =0.151239 60.146061 61.96442
0212717 61.96442 97.811055 )

:(3 1 1)

-1 3 1)

10) 12)

yv=1|10

0)

0.0005 0.1554 0.2096
0.1554 50.9714 68.765
02096 68.765 92.7702 )

00042 00031 )
0.1746 —6.8006 |
-6.8006 5.0409 )

26085 x 1077 )

20578 x 10 10

4.3692x 10”20 ) |

Note: as in the text, Eigenvalues for
the different products of A are
designated y (gamma) y, & vy,

Associated Eigenvectors are extracted:

0.707107 —0.707107\
0.707107 0.707107

0.408248
3.464102
A=/ = Singular values A (lambda) are calculated.
YU (3.162278 )
0)
i=1.k-m k-m=1 Zm.i=0 Z=
b o)
A := augment(diag (1), Z)
0 0)

3.464102
A =

U-A-VT—(?J 1 1) A:(3 1 1)

-1 3 1)

13 1)

0.408248 -0.894427 —0.182574\\
V =| 0.816497 0.447214

—0.365148

0 0.912871 )

(k-m) Extra columns of zeros are needed
for singular value matrix A

3162278 0) Alsthe matrix of singular values and zeros

Singular Value Decomposition confirmed!
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Singular Value Decomposition may be used for a Data matrix such as X:
Y =X < Transposing data matrix X from above.

=rows(Y) k:= cols(Y)

_ T 1 2 3
YU = reverse(sort(elgenvals(Y-Y ))) 0.801] 121.41| 70.42
0.824| 127.7| 72.47
0.841| 129.2 78.2
0.816] 131.8| 74.89
0.84| 135.1( 71.21
0.842] 131.5| 78.39
0.82] 126.7| 69.02
0.802| 115.1 73.1
0.828| 130.8| 79.28
0.819| 124.6| 76.48
0.826] 118.31| 70.25
0.802| 114.2| 72.88
0.81] 120.3| 68.23
0.802] 115.7| 68.12
0.832] 117.51| 71.62
0.796] 109.81 53.1
0.759| 109.1| 50.85

YV = reverse( (elgenvals(YT-Y)))

i=1. rows( ) ji=1. rows(YT-Y)

U<i = eigenvec ( ,YU.)
|

Ol Nl Bl W[IN]|EF

V<j> = e|genvec( ,YV)

k::\/y—u

i=1.k-mk-m=37 Zm,i=0

=
o

[EEN
[EEN

[EEY
N

[EEY
w

[y
N

A = augment(diag (1), Z)

[EEY
a1

[EEY
()

[EEY
~

1 2 3

0.812739( 121.409913| 70.420015

0.87745| 127.699605| 72.470069

0.867896( 129.199801| 78.200035

0.939834| 131.799085| 74.890159

0.974075( 135.099009 | 71.210172

Note rounding errors here... 0.900406 | 131.499568 | 78.390075

0.875535( 126.69959| 69.020071

T
T
(U-A-V) = 0.711577| 115.100668 | 73.099884

Ol N[O~ W[N]

0.901769( 130.799455| 79.280095

=
o

0.826318| 124.599946 | 76.480009

[EEN
[N

0.742355( 118.310618 | 70.249892

[EEY
N

0.698839| 114.200762| 72.879867

(I
w

0.792961( 120.300126| 68.229978

[EEY
SN

0.733247| 115.700508 | 68.119912

(I
o1

0.721009( 117.51082( 71.619857

=
(o2}

0.690789| 109.810778| 53.099865
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Quadratic Forms:

| .= identity(3)
3) 1 -5 7) 1 0 0)
xp=|-1 M=|-5 2 4 =0 1 0
4 ) 7 4 3) 00 1)

Quadratic forms xTMx for some vector x and matrix M are numbers that result from
T adding squared or cross-product terms of x.
X1 -M-x1 = (225)
If xTMx >0 then the quadratic form & Matrix M are called POSITIVE DEFINITE.

A Matrix M is Positive Definite if and only if M's Eigenvalues are all positive.

If 0 < Dgq XTMX, then the quadratic form xTMx may be viewed as squared distance of the
Dsq = xlT-M-xl dfata pointin vector_x from the center of the coordinate system after performing a
Linear Transformation.

If Matrix M =1the Identity Matrix, then Dsq involves EUCLIDEAN DISTANCES (squared).

Otherwise STATISTICAL DISTANCES (sqaured) involving the inverse of M or
variance-covariance matrix S are used.

See jw060 & jw066
for more details

wi=| 2 Dsgi= (x1 - n)' M Y(xg - 1)  Dsq=(2613391)

squared Distances are given by the formula above correcting for the effect of
Linear Transformation specifed by M for a fixed reference point p.
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LINEAR TRANSFORMATIONS AND THE CALCULATION OF
EIGENVECTORS AND EIGENVALUES Prepared by:

ORIGIN = 1 jw098.mcd Wm Stein

Consider a linear transformation fromr --> R:

XR = aXr + b-yy or XR\ - (a b\. Xr\ < R=M-r
YR) \c d) Yr)
YR = C:Xr + d-yy

Geometric Interpretations:

X, r
«—» R R=r
Yy XRr Yr
Yr
Yr
4+ > +——>
XR Xr

Using the left interpretation, supposethe (x,y) plane is covered by an elastic membrane
which may be shrunk, streached, or rotated so that:
- 1 (X,,y,) becomes R (xg,yg) for any point on the plane

- Let M describe the transformation such that R = Mr

Now let us ask if there are any vectors r that remain unchanged in direction during
transformation? Note, however, that we will allow them to be shrunk or streached.
i.e., R=Ar where A is some scalar constant.

R=Ar

XR) _, Xr ) ) AXp )
YR) yr) \(nyr)
Such vectors are called eigenvectors, and the A's are termed eigenvalues (characteristic values)

of the transformation matrix M.

To calculate eigenvalues and eigenvectors, remember that:

R=M-rr=2Ar
_(a b\\ Xr\_ Xr\
R‘(c d)’(yr) ‘”(yr)

_(a b\\ Xr\_ QL'Xr\
R‘(c d)’(yr) ‘(»yr)
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Converting matrix algebra to simultaneous equations:

(a b\.(xr\ _ (K'Xr\
cd)lyr) (hyr)

aXy+ byy=2rx, or (a— k)-xr +byr=0
C-Xp + dyy = A-yy or C-Xr + (d - k)-yr =0
) ) a-A b \ Xr\

Eigenvector equation > : =0
C d- 7\.} Xr)

For x, & y, both not equal to zero, the eigenvector equation is solved using the determinant:

[a—k b )

=0 < Characteristic equation of M
c d-i)

(a=a)(d=2) —bc=0
a-d—a-k—d~x+x2—b-c:0

(1)~k2 —(a+d)yA+(ad-bc)=0 < Quadratic equation of the general form:
A-x2+ BA+C=0

Je?-anc Je?-anc
General solution to the quadratic > x—_B+ B —4AC x—_B_ B -~ 4AC

2-A 2-A
2
Thus: ()2 —(a+d)A+(ad—-bc)=0

has two general solutions:

,_(ard)+ Ja+ - 2.(1).(ad - b o o (ard- Ja+ - 2.(1).(ad - b
2:(1) 2(1)

To calculate eigenvectors, replace each solved eigenvalue back into the Eigenvector equation.
In general, the solution involves eigenvector/eigenvalue pairs.

Note: Equations will be redundant and will therefore specify the equation of a line.
As aresult, it is customary give eigenvectors unit length.

Things to remember about eigenvectors:

- Eigenvectors found from M are not necessarily perpendicular.

- If Mis symmetric [i.e., M= MT] then eigenvectors are perpendicular.
Only in this case is the right-hand picture above is a viable geometric interpretation.



_ EXAMPLE CALCULATION OF
2005 jw099 EIGENVECTORS & EIGENVALUES

ORIGIN =1 jw099.mcd Prepared by:

Wm Stein

Given alinear transformation specified by matrix M:

M= (—52 _22)

Mathcad's built-in functions:

6 < Vector of eigenvalues
evals := eigenvals(M) evals = (1} g
Matrix of eigenvectors, each column
— eigen M (0894 0.447 ") <is an eigenvector associated with one
evecs := eigenvecs (M) evecs = _0.447 0.894) of the eigenvalues above. Generally,

each columnis in the same order as

the elements in the eigenvalue vector.
-0.894 )

0.447 )

Using the symbolic processor to find eigenvalues:

0.447
\ <A way to check which eigenvector

eigenvec(M , evalsz) = (
0.894 ) belongs with which eigenvalue!

eigenvec(M , evalsl) = (

The characteristic equation:

(5—x -2 )

=0 [CONTROL=]
2 2-1)

[Symbolic/Load symbolic processor]

[put equation in block]

6- 720 +2220 [Symbolic/simplify]
6\ [put variable in block]
(1) <eigenvalues [Symbolic/solve for variable]

Solving for eigenvectors:

For the first eigenvalue using first row of M:

A=6 [first eigenvalue]
x=1y:=1 [initialize x & y with any value]
Given [keyword for a set of simultaneous equations]
5Xx-2y=6-X
x2 + y2 =1 [standardize eigenvector length to unity]
e = Find(x,Yy)
0.894 _
e= (_0'447} le| =1 [eigenvector of length = 1] Ei1:=¢

(e1)2 + (e2)2 =1
Sameresult found using second row of M with same eigenvalue:
A:=06
Given
-2 X+2:y=6y
x2 + y2 =1
e = Find(x,Yy)
e:(0.894\ le| = 1

[same result as above]
-0.447 )
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For the second eigenvalue using the first row of M:

A=1

Given
5x-2y=1-x

x2 + y2 =1

e = Find(x,y)

0.447
°- (0.894) el =1
Equivalent calculation using second row of M:
A=1
Given
—2X+2y=1y
x2 + y2 =1
e := Find(x,y)

o (0.447\

0.894 )

Demonstrating identities in diagonalizing matrix M:

Linear transformation M:

Matrix of eigenvectors:

Diagonal matrix of eigenvalues:

5 -2) A 0)
M= €= augment(El, E2) D:=
2 2) 0 A2
0.894 0.447)) 5 6 0)
- \-0.447 08% ) o 1)
(5.367 0.447 _ (5.367 0.447
= <- equivalent -> e-D=
-2.683 0.8%4 ) -2.683 0.8%4 )
1 [6 0) _ o _
e ‘Me= = D [diagonalizing matrix M]
0 1)

_ 5 -2
e-D-g 1:( \

2 2)

= M [inverse operation recovering M]
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ORIGIN = 1 BASIC SETUP OF MULTIVARIATE METHODS
jw139.mcd

Organization of Data Arrays:

i==1.10 < Index for number of cases = Rows
< Index for number of variables = Columns 0.001 0.193 0.585\\
0.701 1.646 0.348

2.131 0912 0.274
Data matrix uses random numbers

from Normal Distribution 0.589 3.954 0476
Xj j= rnd (i) 0.045 2.658 3.009
0.997 2.705 0.342

X4,2=3.954 < A single element of data >-483 3.639 6.132
accessed by the indices 7.647 4315 3.697

776 7.017 8.971

= = <
ni=rows(X) ~ n=10 <numberofrows 6.115 2.662 8.401 )
p := cols(X) p=3 < number of columns
SAMPLE STATISTICS THE OLD-FASHIONED WAY:
Mean: 1
Xbarj - F'Z Xi | Xpar, = 3.147 3.147
| Xbar _ 29701 Xbar: 29701
2 3.2236 )
Standard Deviation: Xbar3 =3.2236
1 2
sji= Z (Xi,j - xbar_) s| = 3.2231
n-1 J
i sy =1.9311
Variance: $3 = 34697
2
s1i=(s1) s11 = 10.3885
Sy = (32)2
Syp = 3.7293
2 .
8§33 := (33) 3 Note: These calculations are
$33 = 12.0386 cumbersome because each
Covariance: variance or covariance requires its
own explicit equation...
1
S12:= T Z (Xi’1 - Xbarl)'(xi,z - Xbarz) $12=42727 " \ouldn't it be nice if the computer
i could figure out by itself how many
1 equations to use based on numbers
813 = " Z (Xi, 1—- Xbarl)'(xi,3 - Xbar3) s13=9.2243  of rows and columns?
n —

1
$23 = Z (Xi,z - Xbar2)~(xi,3 - Xbar3) $23 = 4.3978

n-1
|
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Sample Variance-Covariance Matrix:

S11 S12 S13\

10.3885 4.2727 9.2243 \
4.2727 3.7293 4.3978
9.2243  4.3978 12.0386 )

1 0.6865 0.8248)
06865 1  0.6563
0.8248 06563 1 )

S:=|s12 $22 823 | S=
S13 S23 S33)
Sample Correlation Matrix:
S11 S12 S13 \
R S12 $22 $23 R
S13 $23 $33
SAMPLE STATISTICS AS MATRIX OPERATIONS
Mean:
i=1.n 1\
1
I\,eci =1 <l is the identity vector 1
1
Xmbar = l'XT'|vec lvec = 1
n 1
1
1
1
1)

Variance-Covariance Matrix:

| := identity(10) <lis the identity matrix

Sy =
m n-1

T 1 T
X '(' - —lvec-lvec \'X
n y
10.3885 4.2727 9.2243\\
42727 3.7293 4.3978
9.2243  4.3978 12.0386}

Note: Compare with the

Sm= calculation of S above.

Feel the magic??

3.147

Xmbar = | 2.9701

3.2236 )
100000000 O0)
0100000000
0010000000
0001000000
0000100000
"=lo 000010000
000000T1000
0000000100
00000000O0T10O0
00000O0O0O0GO0T1)
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Correlation Matrix:

NI 0 0 \\
Dg = 0 \ S22 0 ‘
0 0 1/33’3}

Rm = DS_ ‘S'DS_

Correlation Matrix with Mathcad trick:

i=1.p

Di,i5:\/§,i

<D, is the sample

standard deviation
matrix

Note: Compare with
matrix R above.

*POOF*

3.2231

D= 0 1.9311

0

1
RR = 0.6865

0.8248 0.6563

3.4697 )

0.6865 0.8248 ")
0.6563

32231 0 0 )
Ds=| 0 19311 0
0 0  3.4697 )

1 0.6865 0.8248)
Rm=|0685 1 06563
0.8248 06563 1 )

0

Note: Compare with
R and Rm above.

Even easier.

)
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LINEAR COMBINATIONS OF VARIABLES

jwl42.mcd Prepared by:

Using Data Matrix: Wm Stein

ORIGIN:=1

i:=1.4 <-variables
j=1..10 <-observations
Xi j = rnd(i)

1.2684 x 10_3 0.1933 0.585 0.3503 0.8228 0.1741 0.7105 0.304 0.0914 0.1473\

X = 1977 0.2382 0.0178 1.0633 1.2035 0.3325 0.9016 0.1141 1.5666 1.0398
2.6279 28677 1618 13862 25867 2.339 29904 1.8345 0.7986 2.5204

1.5034 27087 0.0353 1.1035 23516 3.3504 1.9397 2.9749 1.8319 2.9777 )
Population Statistics:

n := cols(X) n=10
p = rows(X) p=4
=1 M-(1111111111)
1
Xpar = = X-| Xpar| = (0.338 0.8454 2.1569 2.0777)
n
| := identity (n) 00772 -00452 00402 -0.0759)
00452 04299 —0.0207 —0.0862
se L x[i LMy S=
n-1 n ) 00402 -0.0207 05117 0.2928

-0.0759 -0.0862 0.2928 1.0264 )

Linear Combinations of Variables:

2 \ 0\ <- Vectors containing some numbers
2]
a:= b:= T_
-1 1 aT_(2 3 -15) <- vector transpose
5) 4) b =(0 21 4)
lcq = aT-X
lcg=(10.8228 11.7772 -0.2181 8.0221 14.4278 15.7589 10.8339 13.9904 13.2436 15.7819)
lop = b’ -X

lcy = (125957 14.179 1.7948 7.9271 144003 16.4057 12.5524 13.9623 11.2595 16.5106)

These are linear combinations of 4 original variables, now expressed as single
composite variables based on combinations with vector a or vector b.

Statistics of Linear Combinations:

Mean:
lcapgr = mean(lcaT) Icbpar = mean(lch) [capgr = 11.4441
Variance:
ariance . Icbpgr = 12.1587
ICavar = n-1 var ((Ica) ) Icaygr = 22.7384 <- population estimate using (n-1)
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Covariance:

v =7 [('CaT)J - 'CabarJ'[('%T)i - 'Cbb"”}

i

Identities Demonstrated:

Mean of Linear Combinations:

lcapg = 11.4441 al Xpar = (11.4441)

Variance of Linear Combinations:

lcayqy = 22.7384 al.Sa=(227384)

Covariance of Linear Combinations:

ceoy = 20.2637 al -Sb = (20.2637)

Multiple Linear Combinations:

q=1.7 0.599
p=1.4 0.4252
0.4919
a.p A = 0.6929
0.8217
0.732
0.123

Let A be a matrix of linear combination coefficients where each row of A represents

147 17172

lceoy = 20.2637

1.0342 2.2546 0.676
1.3995 0.4426 0.5664
0.8531 2.8998 0.613
0.3827 2.4516 0.6223
0.5592 2.0467 2.8876

1.6693 1.5511

coefficients for a single linear transformation.

0.6062

1.7048 )

LC:=A-X
8331 7.0324 31765 4.8224 8.1295 6.6407 8.0619 5.3035 4.8397
89864 86251 3939 512 9.0162 7.9562 9.2879 6.3943 4.6981
4782 32318 1.0488 2.899 45658 34838 4.0333 2.8061 3.6285
LC=|10.2295 10.3134 5.1342 5.8461 10.5393 9.2408 11.1221 7.4513 4.8387
8.1356 8.9658 4.4761 4.7799 8.9413 8.0893 9.4669 6.6419 3.7725
10.8264 13.966 3.8517 6.8749 13.3602 14.7754 12.7459 12.6315 7.8674
99396 9.4873 26715 5.8496 10.1315 9.9163 9.5376 8.145 6.9883
Matrix LC represents the set of linear combinations (7 in this case).
Statistics of Linear Combinations:
Mean:
1
LCpgr := —-LC: LCbarT:(6.4088 7.2857 3.4809 84838 7.182 11.1346
n

7.7498
8.8333
4.3296
10.123
8.5506
14.4462
10.7395 )

8.3406)
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Variance-Covariance Matrix:

no )

1 1
L Cvarcov = E'LC(I - —~I~IT\~LCT

Identities Demonstrated for Multiple Linear Combinations:

Mean:
6.4088 6.4088
7.2857 7.2857
3.4809 3.4809

LCpar = | 84838 A-Xpgr = | 8.4838

7.182 7.182
11.1346 11.1346
8.3406 ) 8.3406 )

Covariance:

3142 35468 17292 4.0712 3.3666
35468 42128 17552 4.9531 4.2132
1.7292 1.7552 1.1876 1.8596 1.4413
LCvarcov = | 40712 4.9531 1.8596 5.9301 5.0987
3.3666 4.2132 1.4413 50987 4.4569
51913 65145 2.6354 7.5163 6.7177
41162 4729 2401 52827 4.4676

3.142 35468 1.7292 4.0712 3.3666
3.5468 4.2128 1.7552 4.9531 4.2132
17292 1.7552 1.1876 1.8596 1.4413
A-SAT = | 40712 49531 18596 59301 5.0087
3.3666 4.2132 1.4413 5.0987 4.4569
51913 6.5145 26354 7.5163 6.7177
41162 4.729 2401 5.2827 4.4676

5.1913
6.5145
2.6354
7.5163
6.7177
13.776
8.7081

5.1913
6.5145
2.6354
7.5163
6.7177
13.776
8.7081

41162
4.729
2.401
5.2827
4.4676
8.7081
6.3289 )

4.1162)
4.729
2.401
5.2827
4.4676
8.7081
6.3289 )
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ORIGIN =1 THE MULTIVARIATE NORMAL DISTRIBUTION AND THE VARIANCE-COVARIANCE MATRIX

jw155.mcd
Creating Multivariate Normal Distribution: Prepared by:
n:= 1000 <Number of points Wm Stein
=0 n2:=0
c1:=1 cp:=1
Xq:= rnorm(n,ul,cl) Xo:= rnorm(n,uz,cz)
X = augment(X1,X2) <Data array
1 2
1]-0.439| 0.634
Mean Vector and Variance-Covariance 2| -0679] 0292
Matrix of Data Matrix X: 30473 0141
_ _ _ 4 1-0.951| 0.348
i:=1.n l”i =1 | := identity(n) 5| -1.686| -0.383
6 [ 0.044( -0.07
Xpar = <X 11 ~0.05975) 7| -0.121]-0.964
n Xpar = X =
0.04368 ) =[8 ] 0.556[-0.559
1 1 \ 9 ( 2.192]| -2.057
Sy = 1.xT.(| - _'|n'|nT)'x (09701 -0.00983) 0] 0.809| 0.166
n- n X~ -0.00083 0.95573 ) 11l 0985l 0102
12| 0.862( 0.712
. . 13| 0.916| -1.224
Confidence ellipses based on (eq. 4-8):
_ _ _ 14| 0.673| 1.536
Making a set of ellipse points: 151 1.044] 0.095
o = 0.05 df := 2 <Set a and df as appropriate 16| 0.069] -0.852
. <radius of circle
c:=  gchisg(1 — o, df) Cc= 2448
Constructing the points:
j:=1.100 0j:= ——-2.x
100
X1, = c-cos(ej) X2 = c-sin(ej)
i i
X := augment(x1,xp) < points on a circle of radius ¢
T T
XX 1= (Sx-(x) ) < points on an ellipse based on Sy
Ay = eigenvals(Sx) ey = eigenvecs(Sx)
Major axis of ellipse M: Minor axis of ellipse m:
- (D 2.155 - 0 1.081")
=C -€ = = C- -£ —
pxl / X, Ex px1 _1'094) px2 / X, €X px2 2.128}

My :

augment(|ox1,—|oxl)T my = augment(pxz,—|ox2)T
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Simulating Correlation between variables in Matrix X:

Shew = @ 3 Y = (S’

< New Data Matrix Y

Mean Vector and Variance-Covariance
Matrix of Data Matrix Y:

1
Ypari= =Y Iy _ (-0.09191)
n bar = { 0.00887 )
Sy = — .yT.(|_1.|n.|nT).y (1243577 15.19101)
n-1 n "~ 15.19101 27.57689 )

Confidence ellipses based on (eq. 4-8):
Making a set of ellipse points:

o = 0.05 df =2 <Set o and df as appropriate

¢ :=+/ochisg(1 - o, df ) c= 2448 <radius of circle

Constructing the points:

j:=1..100 0;:= 2T
100
ylj = c-cos(ej) yzj = c-sin(ej)
y = augment(yl,yz) < points on a circle of radius ¢
T T
yy = (Sna/v'(Y) ) < points on an ellipse based on S,
My = eigenvals(Sy) gy := eigenvecy(Sy)

Minor axis of ellipse m:

Major axis of ellipse M:

3 (D ~ 3.625 3 (2

My:

Py

Y =

augment(pyl, —pyl)T my = augment(pyz, —pyz)T

1 2
1 -0.048 2.294
2 -1.454 0.102
3 1137 -0.239
4 -2.159 -0.164
5 5.824 5.289
6 [-9.295-10 -3 -0.263
7 -2.29 -5.06
8 0.551 -1.683
9 2.462 -5.901
10 2.095 0.788
11 3.164 2.491
12 4.01 5.282
13 0.3 4.287
14 5.091 9.025
15 -3.322 -2.562
16 -1.496 -4.121
7.834 )
P, = (12.657 )
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ORIGIN =1

CONSTRUCTING Q-Q PLOTS

jw179.mcd

Using jw Example 4.9 p. 170 in order to compar e calculations:

Readin Data:

M := READPRN("DATA\EX4-9.DTA" )

X=M

Calaulating summary statistics:

n := cols(X) n=10 p := rows(X) p=1
i=1.n j=1.p
Mean vector (Xpg):
l..=1
|
1
Xpar = —- X Xpar = (0.77)
n
Variance/covariance (S):
| := identity(n)
1 1
S S P L S=(0.941)
n-1 n )
Calcaulating Probability levels (P) & Quantiles(Q):
X = sort(M)
(i _1)
P\ 2
! n
Q= qnorm(Pi,O,l)
3
+
=
+
+
+
X 1
+++ +
+
+
or +
-1 1 | | | | | |
-2 -15 -1 —0.5 0 0.5 1 15

Prepared by:

Wm Stein

0.8

-0.1

1.54

0.41

0.62

0.16

1.26

1.71

Ol N[O~ W|IN|F

2.3

=
o

-1 \
-01
0.16
0.41
0.62
0.8
1.26
1.54
171

23 )

0.05)
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95 )

-1.645")
-1.036
-0.674
-0.385
-0.126
0.126
0.385
0.674
1.036
1.645 )
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CONSTRUCTING X2PLOTS
jw179.mcd 1 2 3

126974 4224 | 173297
96933 3835 | 160893
86656 3510 83219
63438 3758 | 77734
55264 3939 | 128344
50976 1809 | 39080
39069 2046 | 38528
36156 359 | 51038

Using jw Problem 1.4 p. 39& p. 185in order to compar e calculations:

Readin Data:

M := READPRN("DATA\P1-4.DAT")

T

X=M

Calaulating summary statistics:

<
Il
o|lo|N|o|a|l &~ w|NfF

n:=cols(X) n=10 p = rows(X) p=3 35209 280 34715
i=1.n j=1.p 10| 32416| 2413| 25636
Mean vector (Xpg):
h:: 1
62309.1 )
1
Xpar = —-X-| Xpar = | 2927.3
n
812484 )
Variance/covariance (S):
| = identity(n) 1001 x 10° 2558 x 107 1512 x 10°)
1 1 T\ T
Si=— 1*(' -l )'X S=|2558x 10’ 143x 10° 4565x 10

1512 x 10° 4565 10' 2.98x 10° )
Calculating Probability levels (P) & Quantiles (Q):

i = 1.codXT) = 1.codxT)

o GTT, 0 0 ‘ 0 4382 10 122 101 )
4,5 ‘[(XT) -(x7) } '[(XT) () J d=|4382x 10 0 8.736 x 10™°
V. sort(m?) 122x 100 8736 x 10%° o )
(i _ 1)
il —2)

Q= qnorm(Pi ,0, 1)
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STATISTICAL DISTRIBUTIONS AND FINDING CRITICAL VALUES

jw749.mcd

Set Index For Plots:
i:=0.48

Standard & non-Standard Normal distributions:

wi=0 <- setto desired values
c:=1 Standard Normal: N[u,c]) = N[0,1]

To find critical value z given:

Prepared by:
Wm Stein

(282

i 100

Ni = dnorm(zi,p,c)

Standard Normal Distribution

- cumulative probability P T T T T
P:= .95 <-settodesiredvalue 039 -
zZ:= qnorm(P,u,c)

0.38 [~ ]
N
z= 1645 -
037~ .
z:=2 <-settodesiredvalueto
go the other direction
036 I
pnorm(z,p,c) =0.9772 =(P)
035 | | | | |
—0.6 -0.4 —0.2 0 0.2 04 0.6
Z;
Student’s t-distribution: . (i—24)-2
_ i 100
df:=5  <-settodesired value
t = dt(xi,dft)
To find critical value C given:
- degrees of freedom (df) Student t distribution
- probability of type I error (o) T T
at:= .05 <-settodesiredvalue
0.36 [ ]
C:=qf (1 - o), df{
{j
C=2015 E—
pt(C,df) =095 =(1-q) 034 .
032 | | | | |
—0.6 -0.4 —0.2 0 0.2 04 0.6
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Chi-Square distribution:

de =5 <-settodesiredvalue

To find critical value C given:

- degrees of freedom (df)
- probability of type I error (o)

Oy = 0.05 <-setto desired value
C:= qehisq] (1 - oy ), dfy |

C=1107

pchisg(C,df, ) = 095 = (1-0)

F- Distribution:
dfp1:= 7 <-settodesired value

dfpp ;= 12 <- setto desired value

To find critical value C given:

- degrees of freedom (df.F1 & df.F2)
- probability of type I error (o)

afF:= .l <-settodesiredvalue
C:= o (1 - af).dfF1. o]
C=2.283

pF(C.df1,df2) =09 =(1-0)

Chi-Square distribution

0.2

015

Xi

— 01

005~

0.8

0.6

0.2

Yi
i
Z = —
10

.= dF(zi,dfpl,dfFZ)

F - Distribution

10
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ORIGIN =1

HOTELLING'S T2

jw 214.mcd

Read in Data:

Perspiration in n = 20 healthy females (jw p. 214):

Columns:
X1 =sweat rate

X, =Na content
X5 =K content

X := READPRN("\DATA\T5-1.DAT" )
n := rows(X) p := cols(X)

Summary statistics of the sample:

i=1.n j=1.p
In:=1 | := identity(n)
| 464"
1
Xpar = =Xl Xpar = | 45.4
n
9.965 )
2.87937 10.01
1 1
Si= X1 —.|n-|nﬂ-x S=| 1001 199.78842
n-1 n }
—1.80905 -5.64
Specify atest vector py:
4%
Ho:=| 50
10)
Hotelling's T2 statistic (jw Eq. 5-6 p. 212):
T 1

Hypothesis testing:
HO THEHy
Hytp <>y

Assumption: X[X;,X,, ..., X, ] rs Np(u,Z)

Stringency of the test: a:= 0.10

If assumptions hold and H is true then:

< setas desired

- 1)-
ce N=DP e3¢ pn-p) C=8173
(n-p)
Decision Rule: RejectHyif T>C
Decision=1

Decision := if(qul > c,1,o)

Prepared by:

Wm Stein
1|2 |3
1| 3.7]485][ 93
2| 57]651] 8
3| 3.8[47.2[ 109
4| 32[532] 12
5| 31]555 9.7
6| 46[36.1] 7.9
7| 24]248] 14
X=[g]| 7.2[331] 76
9| 6.7[47.4]| 85
10| 5.4[54111.3
11| 3.9[36.9(12.7
12| 45]588(123
13| 35[278| 98
~1.80905 14| 45]|402| 84
-5.64 15| 15[135(10.1
3.62766 ) 16| 85[56.4| 7.1
80 T T
+
+
60 [~ £ 7t + 7]
NG Zﬁ Y
-L++ a0k L + —
o, +
o + ¥
20 - N
4
0 | | |
0 2 4 6 10
X<1>,Ho

<jw eq. 5-6 p. 212

NOTE: gF(1-a) is substituted here

for F(a) in the text.

<0 =Do not reject H,
1 =Reject H,
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Liklihood Ratio test:

Maximum liklihood estimates of p & Z (jw Result 4.11 p. 171) and X,

% %
(n-1) T T 7
hhat = Xoar  Theti=———S Zoha =y (X7~ ol {(XT) — |Zona| = 1226 x 10
! 3
Liklihood Ratio (A) & Wilks' lambda (jw Eq. 5-13 p. 217): |Zhat = 1.014 x 10
n
> 2 . .
|”'2ha¢|\2 " < A =Wilks' lambda - value is 1.0
A= [— A = 0.015953 A =0.661128 when X .. = yq but decreases
|Zo.hat| ) as y, increases in distance
from the sample mean.
-1
Ty _ _
[1 + 1)} = (0.661128) < Equivalentvalue in terms of
n- : )
Converting to Hotellings T2: ( Hotellings T2 (jw Result 5.1 p. 218)

6

Confidence intervals:

- J-(n - 1) =9.739 Ty = (9.739) < Solving for T2 (same as T2 above)
< Now run the above test...

a := 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid (jw Eq. 5-18 p. 221):

A = reverse(sort(eigenvals(S)))

s<j> = eigenvec(S, kj)

200.46246 0.05084 -05737 081748 \ L coordinates of each column
A =| 453159 g =1 099828 0.05302 -0.02488 vector of g gives the directions
1.30139 ) 002907 081735 057541 )  °f confidence elipsoid
C:= \/M'qF(l —a,p,n— p) C=0.732 <Cgives the boundary for the
n-(n - p) confidence ellipsoid for p - see jw eq. 5-18 p. 221

i=1.p NOTE: To obtain the values of F(o)
reported in the text, gF(1-a) must
be used in MathCad here.

Li = C-\/Ti

Multivariate simultaneous confidence ellipsoid:

4.64 1036503 < | are half-lengths of the axes of the
Xpar = | 45.4 < Center of ellipsoid L=| 15584 confidence ellipsoid for pin the

9.965 ) 0.83514 directions of g
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Simultaneous T2 confidence intervals:
C||owerl = Xbarl — C 'SI,I Clupperl = Xbarl + C 'SI,l

Cl = augment(Cl lower, Cl UPIOET)

<jw eq. 5-24 p. 225 (slightly modified)

4.64 3.39777 5.88223 )
Xpar = | 45.4 < Mean values Cl = | 35.05241 55.74759 < T2 confidence intervals
9.965 ) 857066 11.35934 )

Bonferroni simultaneous confidence intervals:

ci= qt[l—i,n—l\ C= 2625
2p )
_ S _ S.i
C||oweri = Xbarl - C T C|upperi = Xbarl + C- T

i == augment(Cijower: Clupper)

< Critical value c based on t distribution

NOTE: qt(1 - o/2p) is substituted
for t(a/2p) in MathCad as above.

<jw eq. 5-29 p. 232

4.64 3.64395 5.63605
Xpar = | 45.4 < Mean values ci =| 37.10308 53.69692 Bonferroni confidence intervals
9.965 ) 8.84699 11.08301 )
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HOTELLING'S T2

jw 214A.mcd Prepared by:

ORIGIN =1 Wm Stein

Verifying calculations using jw Example 5.3 p. 221, 226 & 233.
Radiation for Microwave ovens.

Only mean vector and variance-covariance matrix given:

564 0144 0117
bar == S:= =42 p=2
603) 0117 .0146 )
s1 199.046 -159.509)
| -159.509 196.319 )
Specify atest vector py:
562

o= | 59

Hotelling's T2 statistic (jw Eq. 5-6 p. 212):
T -1

Teq:= N(Xpar = Ho) S (Xbar — ko) Teq = (1.274)
Hypothesis testing:

Hy:p=pg

Hyp <>y

Assumption: X[X;,X,, ..., X, ]rs Np(u,Z)

Stringency of the test: a:=005 <setasdesired

If assumptions hold and H is true then:

- 1)- .
C= (? ))p-qF(l—a,p,n—p) C=6.625 <jw eq.5-6 p. 212
n-p

NOTE: gF(1-a) is substituted here

Decision Rule: RejectHyif T>C for Fo) in the text.

Decision := if(qul > C,l,O) Decision= 0 <0 = Do not reject H,
1 =Reject H,
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Confidence intervals:

a := 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid (jw Eq. 5-18 p. 221):

i=1.p
A = reverse(sort(eigenvas(9)))
W
el = elgenvec(S,ki)
0.0262) 0.70408 -0.71012) < Coordinates of each column
:( :( vector of ¢ gives the directions
0.0028 ) 0.71012 0.70408 of confidence elipsoid
C:= \/M.qpﬁ —a,p,n— p) C=0397 <Cgives the boundary for the
n-(n - p) confidence ellipsoid for u - seejw eq. 5-18 p. 221
L= Cyn NOTE: To obtain the values of F(a)

reported in the text, gF(1-a) must
be used in MathCad here.

Multivariate simultaneous confidence ellipsoid:

0.564\ _ _ 0.06429\ <L are half-leng_ths (_Jf the axes of the
bar = < Center of ellipsoid L= confidence ellipsoid for pin the
0.603 ) 0.02101 ) directions of

Note: calculations are for L, is somewhat

. 2 . . )
Simultaneous T4 confidence intervals: off what jw calculate on p. 212

C'Ioweri = Xbari -C ,SH C'upperi = Xbari +C [SII <jw eq. 5-24 p. 225 (slightly modified)

Cl = augment(Cl lower, Cl UPIOET)

0.564 0.51634 0.61166
Xpar = ( ) < Mean values Cl = ( ) < T2 confidence intervals

0.603 ) 0.55501 0.65099 )

Bonferroni simultaneous confidence intervals:

C:= qt[l - i,n - 1} c= 2327 < Critical value c based on t distribution

NOTE: qt(1 - a/2p) is substituted
for t(a/2p) in MathCad as above.

S . S .
. 1, i _ , 1, i .
Cliower, = Xbari % Y Ciupper, = Xbari +C Y <jw eq. 5-29 p. 232

i == augment(Cijower: Ciupper)

0.564) (052092 0.60708 _ _ _
Xpar = < Mean values ci= < Bonferroni confidence intervals

0.603 ) 0.55962 0.64638 )



2005 stattest

TEST

Student'st
One population:

XX oo Xy ~rsN(u,o)

HO: p=p,

Reject HOif: T>C

Two populations:

X11:X 191 e X g ~TSN(py,07)
X1 X 501 e Koy ~TSN(,y,0,)
2 2

G," =0y

X4; independent of Xy;

HO: py = pp

Reject HOif: T>C
Paired popul ations:
X11X 191 oo X g ~TSN(py,07)

X1 X 501 e Koy ~TSN(,y,0,)
d;.d,, ... d, ~rsN(uy.04)
whee:

dj = Xy - Xy
HO: pd =0

Reject HOif: T>C

TEST STATS Prepared by:
stattest.mcd Wm Stein

TEST STATISTIC CONF. INTERVAL

X - _
t= Ho Cl= X
s) £ C—
o, I
t~t,(n-1)
where:
2 2
. (nl— 1)~sl + (nz— 1)-82
- . (n1 + Np — 2)
X1 - X2
t =
2(1 1
$ nl nZ) T"‘ta(n1+n2'2)
Cl = X_l—X_z + C sp2~ i+i
np nz)
t= 9 cl= d:c2
(ﬂ\ v
Vn)
t~t,(n-1)
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TEST TEST STATISTIC CONF. Ellipsoid
Hotelling's T2
One population:
X = [X X0 X ~ 1SNy ()

where:
X; are vectors, T2=nXpg - Ho)" ST (Xpgr = 1)
n =number of observations ( 1)
= i n-— P
p = number of variables T2~ — Fp, Np
Xpar =Multivariate mean vector
S= var/cov matrix of X CE = Xpg +/- [s0rt(dy) sart([p(n-1)/n(n-p)] F, p, n-p] &
HO: p=p, where: A= ith eigenvalue
where: pand p, are vectors e =it eigenvector of
length 1 of S
Two populations:
X1 = XX 90 X pal =TSNy (b 2) where: S; - var/cov matrix of X;
X2 = X520 X500 Kgnal =TSNy (pZ)) S, - var/cov matrix of X,
where;
X;; arevectors,
: ng—1)S + (a2 - 1)
n, = number of observationsin and: S, = ( 1 )51 ( 2 )SQ
population 1 np+nz-2
n, = number of observationsin
pOpulation 2 T2 = (xbar.l - xbar.z -80)T [([l/n1] + [1/n2]) Sp ]-1 (xbar.l - xbar.z -80)

p = number of variables
(n1+ no — 2)-p

X4 independent of X, T2~ ( )
n+np-p-1

Fa, P, nl+n2-p-1

If ny& ny,small, then 2, =%,

HO: y— py =3, CE = Xpar-1~ Xparp) H-[sart(y) sart([(1/ny) + (1/ny)] F, p, ny+n,-p-1)] €
where: p,, p, & o arevecors where: ;= ith eigenvalue

. . . e =ith eigenvector of length 1 of
Paired Experimental design: ' e J %

X1=[X11X12 s Xqpdl , fed
X2=[X21:X22: 1 Xop2l Te=ndpg ' Sy dpgy

D =[818; . 8] ~rsN,(8,Z)

Where:_ X.jarepaired vectorsand T2~ (n - 1)-DFOL p, N-p
dj =Xy - Xp; (n-p)
n =number of
__paired observations CE = dyg, +F- [sart(y) sart((p(n-1)/n(n-p)] Fy, p, n-p)] &
p = number of variables
Dyo = multivariate mean vector of D where: ;= ith eigenvalue
Sy = var/cov matrix of D g = ith eigenvector of length 1 of S

HO:6=0
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SYSTAT OUTPUT
IMPORT successfully completed. ONE POPULATON

One-sample t test of VAR with 24 cases; Ho: Mean=  143.000

Mean=  136.042 90.00% Cl = 128.608t0 143.475
SD=  21.249 t=  -1.604
df= 23 Prob=  0.122
9 w .
8% I
I
AL |
I
= I
I
g 5 ! i
3 I
3 a4k :
3 I
I —
2+ |
0 010
1L O O 0od0o
O 0O o%oo
0 ©0 O 0600 ©
50 100 150 200

IMPORT successfully completed. PAIRED OBSERVATIONS

Paired samples t test on VAR(1) vs VAR(2) with 11 cases

Mean VAR(1) = 46.455
Mean VAR(2) = 33.182
Mean Difference = 13.273 95.00% Cl = -0.473to 27.018
SD Difference = 20.460 t= 2.152
df= 10 Prob= 0.057
150
100 -
()
3
©
>
50+ —
0
VAR(2) VAR(L)

Index of Case

IMPORT successfully completed. TWO POPULATIONS
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Two-sample t test on VAR(1) grouped by VAR(3)

Group N Mean SD
0 20 10.875 5.343
1 20 13.840 11.015
Separate Variance t = -1.404 df = 58.0 Prob= 0.166
Difference in Means = -2.965 95.00% Cl= -7.193to0 1.263
Pooled Variance t = -1.135df= 58 Prob = 0.261
Difference in Means = -2.965 95.00% Cl= -8.193to 2.263
50 T T T T T T T T
£
40 7
X
X
—~~ 30 I~ .
)
x
<
> 20 [ -
10 VAR(3)
O | | | | X 1
30 20 10 10 20 30

Count Count
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UNIVARIATE MEANS TESTS - t tests

ORIGIN =1 ONE POPULATION Prepared by: 1
Read in Data: Wm Stein 1| 98
Carapase Length for a sample of Female Painter 21103
Turtles - Part of jw Table 6.9 p 339): 3 [ 103
X := READPRN("\DATA\T6-9fem-len.DAT" ) 4] 105
n:= rows(X) p:= cols(X) n=24 p=1 51109
. 6 | 123
Summary statistics of the sample: 71123
b=1.n j=1.p Note that the multivariate approach X=|8]133
L1 |~ identit to summar statistics works for the 9133
n-= = identity(n) univariate case as well! 10| 133
1 11| 134
Xpar = —-XT~In Xpar = (136.04167) mean(X) = 136.042 12| 136
n
13| 138
SO S, o P SR A 14| 138
Tnho1 n N ) S=(451.51993) Var(X) = 451.52 151 141
16| 147
Specify atest value pg:
Ho:= 143 < Set this to test whether the mean
is "close enough” to pg:
Student t-test statistic:
mean(X) — u
t:= — = 0 t=1.604
Var(X) var(X) = 432.707
n
Hypothesis testing:
Ho © 1= o
Hytp <y <two-tailed test!
Assumption: X[X;,X,, .., X ] rs Np(u,Z) p=1
Stringency of the test: a:=01 <setas desired
If assumptions hold and H is true then:
C:= qt(l - g,n - 1\ C=1714 NOTE: qt(1-a) is used herein the MathCad
2 ) function for the t distribution & jw Table 2 p. 750
n=24
Decision Rule: RejectHy if T>C <0 =Do not reject H,
Decision := if (t > C,1,0) Decision= 0 1=Reject H,

Confidence intervals:

mean() + ¢ [0 L0475\

Cl:=
128.608 )

‘ mean(X) = 136.042 Cl = (
Var(X)

n )

mean(X) — C-
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UNIVARIATE MEANS TESTS - t tests
TWO POPULATIONS - PAIRED OBSERVATIONS

Read in Data: Effluent Data - Suspended Solids compared in eleven split

samples sent to two labs - Part of jw Table 6.1 p 275): 1] 2
X := READPRN("\DATA\T6-1pairedSS.DAT" ) 1] 27) 15
2| 23 13
n:=rows(X) p:= cols(X) n=11 p=2 31 eal 22
Summary statistics of the sample: 4| 441 29
i=1.n j=1.p X = | 30) sl
Note: there's a bug in MathCad that 6| 75| 64
lh =1 | := identity(n) prevents me reusing | here... 7| 26| 30
|
8| 124( 64
1
Xoar = =X -1l (4645455 ) mearl X'?) = 46 455 9| 54| 6
n bar 33.18182) “ 10| 30| 20
mean\ X~ ) = 33.182 11| 14| 21
R S, o S
S:= X = =lpllp - X )
n-1 n ) 1014.07273 479.60909\\ Var(X ) = 1014.0727
-\ 47960909 363.76364 ) ) 1
Var(X = 363.7636 BB
Calculate differences & Summary statistics:
2110
1
D= XV _x2 Dpar = =D -llp Dpar = (13.273) 3 |42
o : 4115
Student t-test statistic: mean(D) = 13.273 5| 1
Var(D) = 418,618 D=1
t:= m t= 2152 7| -4
Var(D) 8 | 60
n 9| -2
Hypothesis testing: 10| 10
11 -7
Ho by =1y
Hi i <y <two-tailed test!
Assumption: D[D;,D,, .., D] rs N;(uX)
Stringency of the test: a:= 005 <setas desired
If assumptions hold and H is true then:
C:= qt(l - g,n - 1\ C=2228 NOTE: qt(1-a) is used herein the MathCad
2 ) function for the t distribution & jw Table 2 p. 750
Decision Rule: Reject H, if T>C n=1 <0 =Do not reject H,
Decision := if (t > C,1,0) Decision = 0 1=Reject H,
Confidence intervals:
mean(D) + ¢ [VA0) )
27.018)
Cl:= mean(D) = 13273 Cl = 0473)
mean(D) — C- Va(D) '

n )
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UNIVARIATE MEANS TESTS -t tests

TWO POPULATIONS WITH EQUAL VARIANCES 1
Read in Data: 1] 7513
' Lizard Data - Mass of individuals of two species C& S 2| s.032
Part of jw Table 6-7 p. 330 3| 5867
X := READPRN("\DATA\T6-7MassC.DAT" ) nx = rows(X)  pyx := rows(X) 4|11.088
20 20 5| 2419
Ny = =
X PX 6| 1361
Y := READPRN("\DATA\T6-7MassS.DAT" ) ny = rows(Y) py := rows(Y) 7 | 18.247
ny = 40 by = 40 8 | 16.832
- 9| 15091
Summary statistics of the sample:
X =[10| 17.035
mean(X) = 10.875 mean(Y) = 13.84 11| 16.526
12 4.53
Var(X) = 28.543 Var(Y) = 121.339 13| 723
Note that the variances are not close so we should not 14 5.2
continue with this test without first using a 15| 13.45
variance-stabilizing transformation of the data. 16| 14.08
However, as an example, we will continue anyway. 171 12.665
Calculate pooled variance Sp: 18] 6.092
19( 5.264
nx — 1)-Var(X) + (ny — 1)-Var(Y)
(rx - Y vaeo + (ny - ) - 00 A
(nx + ny — 2)
Student t-test statistic:
. mean(X) — mean(Y)
‘ 1 1 t=1135
)— 4+ —
nx ny)
Hypothesis testing: Assumptions: X[X;,X,, ..., X ] rs N;(u,X)
Ho:m =n,  <iethedifferenceis zero YY1, Yo o Yol s Ny(uE)
Var(X) = Var(Y)
H, ip<>p, <two-tailed test! X's are independent of Y's
Stringency of the test: a:=005 <setas desired
If assumptions hold and H is true then:
o \ NOTE: qt(1-a) is used herein
C:= qt(l ——,nx +ny—2 C = 2002 the MathCad function for the t
2 ) distribution & jw Table 2 p. 750
Decision Rule: Reject H, if T>C n=1l
Decision:= if (t > C,1,0) Decision= 0 <0 =Do not reject H,
Confidence intervals: 1=Reject H,
1 1 i = -
mean(X) — mean(Y) + C- |Sy| — + — Difference:= mean(X) — mean(Y)
nx  nv) |
Cl:= Difference = —2.965 Cl =

mean(X) — mean(Y) — C- ’Sp i + n_lyj
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3.962
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UNIVARIATE MEANS TESTS -t tests

TWO POPULATIONS WITH UNEQUAL VARIANCES 1
rend in Data Behrens-Fisher Problem 1] 7513
' Lizard Data - Mass of individuals of two species C & S 2| s.032
Part of jw Table 6-7 p. 330 3| 5867
X := READPRN("\DATA\T6-7MassC.DAT" ) nx = rows(X)  px := rows(X) 411088
20 20 5| 2419
ny = =
X PX 6 13.61
Y := READPRN("\DATA\T6-7MassS.DAT" ) ny = rows(Y) py := rows(Y) 7| 18.247
Ny = 40 by = 40 8 | 16.832
Summary statistics of the sample: 9| 1591
X =10 17.035
mean(X) = 10.875 mean(Y) = 13.84 < Variances are definitely 111 16,526
unequal so this :

Var(X) = 28543 Var(Y) = 121.339  approach applies! 12] 453
13 7.23
Student t-test statistic: 14 5.2
15( 13.45

mean(X) — mean(Y)
t:= t— 1.404 16| 14.08

jVa(X) Var(Y) =<
+ 17| 14.665
n n

X Y 18| 6.092
Revised degrees of freedom for the Behrens-Fisher Problem: 19| 5.264
2 20| 16.902

(Var(X) s Var(Y))

n n
dd = X Y )
2 2 dd = 64.061
(var(X)\ (var(v)\
ny ny
) Ly )
nx ny

Hypothesis testing: Assumptions: X[X;,X,, ..., X ] rs N;(u,X)

Ho:m =,  <iethedifference is zero YY1 Yz on Yol TS Ny(u2)
X's are independent of Y's

Hy iy <p, <two-tailed test!

Stringency of the test: o:=005 <setas desired

If assumptions hold and H is true then:

o \ NOTE: qt(1-a) is used herein
C:= qt(l - —,dd C=1.998 the MathCad function for the t
2") distribution & jw Table 2 p. 750
Decision Rule: Reject H, if T>C n=1l
Decision:= if (t > C,1,0) Decision= 0 <0 =Do not reject H,

1=Reject H,
Confidence intervals:

mean(X) — mean(Y) + C.\/ Va(X) . Va(y) ) Difference:= mean(X) — mean(Y)
ny ny

Cl:= Difference = —2.965

mean(X) — mean(Y) — C.\/ Va(x) . Va(y)

13.911

5.236

37.331

41.781

31.995

3.962

4.367
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13.216
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-7.184 )
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ORIGIN =1

ANOVA - ANALYSIS OF VARIANCE - Univariate Case

Three Populations:

9)

P1:=|6

9)

-

3)

P3:=|1

2)

Grand mean:

ny := rowsPy)

Ny := rows Py)

ng := rows P3)

Sample parameters:

Population means:

i=1.n

Xpar1 = mean(Pl)

i=1.np

Xpar2 := mean(Pz)

i=1.n3

Xpar3:= mean(Pg)

Residuals:

e=P-—p—n

Verifying calcuations using Example 6-6 in jw p297.

g:= 3 <number of populations

ni= 3
9)
6
9
0
P:= stack(P,P2,P3)  P= X n:= rows(P)
3
4 !
2
. J
4
|4
ay
4
4
4)
4)
Xpar1= 8 rli —mean(Pl)—pi 1=\ 4
4)
-3
Xpar2 =1 T2 = mean(Py) — pj 2= (_3)
_2\
Xpar3 = 2 rgi = mean(Pg) — Ui 13=|-2
_2)
1)
-2
1
-1
-1

Prepared by:
Wm Stein

T = Stack(rl,tz,rg) T
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ANOVA table for comparing population means:

Source of variation Sum of Squares

Degrees of Freedom

Mean Squares

.
TREATMENTS T . , |7
(Between) T -t =(78) dfg:=g-1 dfg=2 MSg := o5 MSg = 39
RESIDUAL e - (10) do n g MSy i ||
(Within) = w=n-g dw= Y MSy = 2
TOTAL (P-w)(P-p)=(88) dir=n-1 dit=7 (P W) (p— )]
: MSt = MSt = 125714

Decomposition Model:

df

Hypothesis testing:

Xij=p+71 +g
Restriction:

ZnT; =0
Assumptions:

All populations Pl-Pg rs

g rs N(O, c2)

Population variances equal

ANOVA test statistic:

MSg
Fi=—— F=195
MSwy
Stringency of the test: o:=001 <setas desired

If assumptions hold and Hy is true then:

C:= gF(1 - a,dfp, dfy) C = 13.2739
Decision Rule: Reject H, if T>C
Decision:= if (F> C,1,0) Decision= 1

5! Hy:ty=1,=..7,=0

g

H, :atleastonet <>0

< Normality robust if n >15 & n;>4

< Equal variances robust if n; >4 & all n; are equal

NOTE: gF(1-a) is substituted here
for F(a) in the text.

<0 =Do not reject H,
1 =Reject H,



2005 ANOVA 2

ORIGIN =1

ANOVA - ANALYSIS OF VARIANCE - Univariate Case

Lizard Mass & SVL Original datatransformed to natural logs jw Table 6.7 p. 330

Reading the Data:

1 2
X1 := READPRN("\DATA\T6-7Clogs.txt" ) p = colg(X1) T 0166 43021
X5 := READPRN("\DATA\T6-7Slogs.xt" ) 9:=2 2| 1.6158] 4.2413
3| 1.7693| 4.2767
Summary statistics of the sample: 4 | 2.4059| 4.382
20 5| 0.8834 | 4.0254
n, := rowg X n, := rowg X n=
1 ) n, 12 (40 ) 6 | 2.6108 | 4.5433
Mean Vectors & Variance-Covariance matrices: 7| 2.904| 4.5591
i=1.n  ii:=1.n, j=1.p 8 | 28233 4.6002
| 1 | identit 9 [ 2.7669 | 4.5747
= = laentl n
N y( 1) X1 =[10] 2.8353] 4.5053
=1 Il = identity(n,) 11| 2.8049 4.5109
1 T 223992\ 12| 1.5107 | 4.2047
Xoar, = X1 -In Xoer :( ' 13| 1.9782| 4.3175
1 1 \4.39443)
14 1.6487| 4.2413
XbarziziXZT'”n  (2.36814) 15| 2.599| 4.5163
i) bar, = \ 430800 ) 16| 2.6448| 4.5109
e ) | ~0.1282) 17 2.6855 | 4.4998
= - = 18| 1.807( 4.2905
bar, ~ ~bar, 0.0863 )
1 1 \ 19| 1.6609| 4.2413
S = — 1'X1T'(|_n_'|n'|nT X1 _ (0353 00942) 20| 2.8274] 45433
1 1 1 (00942 0026 )
1 1
S = Xol-[ 11 ——~||n-||nﬂ~><2 0.5068 0.1454)
2" n,-1 n S,=
2 2 ) 2 10.1454 0.0426 )
Total Sample size:
N:= n,+n, N = 60
Grand Mean:
m:=1.9
1 2.3254
X =— n_-X X =
barGM N Z( m barm) barGM (4.3369}
m
Calculation of Univariate Variances:
Residual/Error Sums of Squares SSE
m:=1.9
= —1)- 26.4749
W= (- 1)S, SE W :( )
- ; 21527 )
Treatment Sums of Squares SST
m:=1.9
0.2192)
— . J— . —_ T = =
B .= Z n. (Xbarm XbarGM) (Xbarm XbarGM) SSTm‘ Bm,m SST (0.0994}
m

Prepared by:

Wm Stein
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1.6556
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Ol N[O o | W[IN|F

1.5765

4.0943

=
o

1.8756

4.1589

(I
[

3.1184

4.5643

[EEY
N

2.5909

4.3758

[EEY
w

1.4132

4.0164

[y
i

2.5152

4.3175

[EEY
o1

1.9629

4.1667

=
()]

3.0482

44716

[E=Y
~

3.7609

4.6913

[EEY
(ee]

3.3033

4.5643

[EEY
©

3.661

4.7095

N
o

2.983

4.4368

N
[

2.6855
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N
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4.2413

N
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w
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w
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w
w
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w
~
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w
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w
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ANOVA table for comparing population means:

m=1.g
Source of variation Sum of Squares Degrees of Freedom Mean Squares
SST
TREATMENTS 0.2192 1
SST = \ dfg =9g-1 dfg= \ MSg ::—m
(Between) 0.0994 ) m 1) m  dfg
26.4749) 58) SSE,
RESIDUAL SSE = dfy =N-g dfyw= MSy = ——
(Within) 2.1527 ) m 58) m dem
26.6941 59
TOTAL SST + SSE = \ dft =N-1 dfr= \ SSTm
2.2521 ) m 59 ) MSt = ——
m dfT
Decomposition Model: Hypothesis testing:
Xij=rote Ho Ty =15 =..tg =0
Restriction:
£nz, =0 H, :atleastonet <>0
Assumptions:
All populations Pl-Pg rs
&, rs N(0, 62) < Normality robust if n >15 & n;>4
Population variances equal < Equal variances robust if n, >4 & all n; are equal
ANOVA test statistic:
m=1.g Probability:
MSg 0.4802) 0.4911)
F o= = Prob =1 - pF(F ,dfg ,dfwy ) Prob =
m° MSw 26777 ) m m = Fm " m 0.1072)
m
Stringency of the test: o:=005 <setas desired
If assumptions hold and Hy is true then:
4.0069 : :
C = qF(l - a,dfg ,dfyy ) C= NOTE: qF(1-a) is substituted here
m.m 4.0069 ) for F(a) in the text.
Decision Rule: Reject H,y if T>C
- . . 0) .
Decision_ := |f(F >C ,1,0) Decision = <0 =Do not reject H,
m m m )

1 =Reject H,
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Prepared by:

Two Way ANOVA fixed effects - Univariate Case Wm Stein

ORIGIN =1
Castle Bakery Sales Data - Neter et al. 1996 Applied Linear Statistical Models 4th ed. p. 817ff

Castle Bakery company supplies wrapped Italian bread to supermarkets. An experimental study was
made of the effects of:

Factor A: height of shelf display (bottom, middle, top)
Factor B: width of display shelf (regular, wide)

12 supermarkets were chosen with similar sales volume & clientele. Six treatments (3A vs 2B) were
assigned to the stores (2 replicates for each treatment) at random.

Reading the Data: 11213
. 1147 1] 1
Y = READPRN("\DATA\CastIe Bakery.txt" ) 1st col = Response variable
2nd col = Factor A levels 2|43 111
Summary Statistics: 3rd col = Factor B levels 3(62] 2| 1
i=1.3 j:=1.2 ki=1.2 n=2 4168 2] 1
a=3 5141 3| 1
Block Means: b:=2 Y=|6|39 3| 1
70146 1] 2
Xpar, = mean(Y, .Y Xpar, = 4 Ypar = X
bar, ean( L1 2,1> bar, | = 45 bar -= ~bary ) 8l40| 1| 2
X =mean(Y, .,Y X =65 Y =X 9167 2| 2
bar, | ( 3,1 4, 1) bar, | bar, ,, = 7bar, TR
Xbar, | = mean(YSB 1,Y671> Xpar, =40 Yhar, = Xbar, | TV
12146 3| 2
X =m Y Y X = Y =X
bar, , ean( 7,0 8,1> bar, , = 43 barg, = 7bar, ,
X =mean(Y, .,Y X = 69 Y =X
bar, , ( 9,1 10,1) bar, , barg, = ~bar, , 45 43)
X = mean(Y., .,Y X =44 Y =X Xpar = | 65 69 1
bar; , ( 11,1 12,1) bar; bary g, = 7harg 5 bar e
40 44)
Factor A Means: 2]45
3|65
Xpara, = mean(Yljl,Yzjl,Yll,Y& 1) Xparp | = 44 e
= = 5 40
xbarAZ. mean(Ysjl,Y 4.1 Y0.1 Y10, 1) x,oarA2 67 ) y o
bar =
Xpara, = mean(Ysll,YGB 1,\(11!1,\(12’1) Xparn,, = 42 Xpara = | 67 PE
42
Factor B Means: ) 8143
91|69
Xparg, = mean(Yl,l,Yzll,Y&1,Y471,Y571,Y XparB, = 50 | T
50
= = = 11| 44
XbarB, : mea”(Y7,1’Y8,1’Y9,1’Y10,1’Y11,1’ 12,1) Xbarg, = 52 XbarB [52) —

Grand Mean:

XM = mean(Y<1>> Xem =51
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TWO-WAY ANOVA TABLE - fixed factors A & B:

Source of variation Sum of Squares

FACTOR A
S84 = 10y (Xpera, - xGM)2 SSA = 1544
i

FACTOR B

SSB: SSB = 12

nay (Xbarg, - XGM)2
i

AB INTERACTION

Degrees of Freedom

dfp:=a-1

dfg:= b -1

SSAB = nzz (xbari,j — XbarAi - xbarBj + XGM)Z

rJ
SSAB = 24
ERROR

st = |[¥2 i (9 — vie

SSE = 62

TOTAL

(v

SST = ‘(Y - XGM)T~(Y<1> - XGM)‘

SST = 1642

Decomposition Model:

Xi,j =ptao;t BJ + ((x,['})lJ + &
Restriction:

Zo; =% Bj :Ej Yij :Zyi’j =0
Assumptions:

All populations Pl-Pg rs

g ; rs N(O, c2)

Population variances equal
Hypothesis testing:

Factor Interaction:

Hy:ally,; =0 foralli&]j

H, : atleast oney;; <>0

ANOVA test statistics:

dfag = (a—1)-(b-1) dfpg =2

dfg:= ab-(n-1)

dftr:=nab-1

Probability:

MSaB
F:.= F=11613
MSg

Prob := 1 - pF(F,dfag. dfg)

dfp =2

dfg=1

dfg=6

dfr=11

Mean Squares

SSA
MSp = ——  MSp =772
dfp
SSB
MSg = — MSg = 12
dfg
SSAB
MSap = MSap = 12
dfap
SSE
MSg:= — MSg=10.3333
dfg
Prob = 0.3747
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Stringency of thetest: o :=0.05 <setas desired

If assumptions hold and H is true then:

C:= gF(1 - a,dfap. dfE) C=51433

Decision Rule: Reject H,if T>C

NOTE: gF(1-a) is substituted here
for F(a) in the text.

Decision:= if (F> C,1,0) Decision= 0 <0 =Do not reject H,
1 =Reject H,
Factor A effect:
Hy oy =0y, =..0;=0
H, : atleast onea <>0
ANOVA test statistics:
Probability:
MSp -5
F= e F = 74.7097 Prob := 1 — pF(F,dfp, dfg) Prob = 5.7536 x 10
E

Stringency of the test:a := 0.05 <setas desired

If assumptions hold and H is true then:

C:= gF(1 - o, df.dfg) C = 5.1433

Decision Rule: Reject H,if T>C

NOTE: gF(1-a) is substituted here
for F(a) in the text.

Decision:= if (F> C,1,0) Decision =1 <0 =Do not reject H,
1 =Reject H,
Factor B effect:
Hy: By =B, =...8=0
H, :atleast onep <>0
ANOVA test statistics:
Probability:
MSg
Fi= VT F=1.1613 Prob := 1 — pF(F, dfg, dfg) Prob = 0.3226
E

Stringency of the test:a := 0.05 <setas desired

If assumptions hold and Hy is true then:

C:= gF(1 - a,dfp,dfE) C = 5.9874

Decision Rule: Reject H,if T>C

Decision = if (F > C,1,0) Decision = 0

NOTE: gF(1-a) is substituted here
for F(a) in the text.

<0 =Do not reject H,
1 =Reject H,
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= 'ST2-
ORIGIN = 1 HOTELLING S T4 - PAIRED DESIGN Prepared by:
jw 272.mcd .
Read in Data: Wm Stein
' Effluent Data jw Table 6-1 p. 275)
Samples taken and split for comparison of technique between:
X =variables BOD & SS measured in aCommercial Lab.
Y = variables BOD & SS measured in a State Lab.
X := READPRN("\DATA\T6-1CL.DAT")
Y = READPRN("\DATA\TG—lSL.DAT") 1 2 1]2
Ny := rows(X) px := cols(X) ny =11 px =2 L 6| 27 1]25/15
2 23 22813
ny := rows(Y) py := col(Y) ny=11 Py =2 3 18] 64 3360 22
n:= ny p = px 4 8| 44 4 (35]|29
Construct Paired difference matrix & summary statistics: X = 5| 11] 30 Y = ° | 15)31
6| 34| 75 6 | 44|64
D=X-Y 7 28 26 7 (4230
i=1.n j=1.p 8| 71124 8 [ 54|64
9| 43| 54 9 |34|56
In =1 I := identity(n) 10| 33| 30 10 29| 20
bar = % bar = | 46.45455 )
1 34.6364
Ybar = _YTIn Ybar = ( \ 1 2
n 33.1818 ) Tl 2
1 1 387.4182 489.3636 2 |-22| 10
SX = XT I - —InInT\\X SX = \
n-1 ) 489.3636 1014.0727 ) 3|-18| 42
4 |-27| 15
Sy = — .yT(. _ i.|n.|nﬂ.y s, 109.2545 120.3727) NOEE
n-1 : J 1203727 363.7636 ) [e[10] 11
5 1T, 5 -9.3636) L Il s
bar -= n n bar = 13.9727 ) 8| 17| 60
9 9| -2
1 1 199.2545 88.3091
Sp = _.DT.(|__.|n.|nT\.D :( ) 10| 4| 10
n-1 n ) 88.3091 418.6182) 9 191 7
[0
Hotelling's T2 statistic (jw Eq. 5-6 p. 212): 60 T 0)
Tog:= N-Dpa -Sp_ D T = (13.6393)
sq - bar bar sq . a0 + _|
Probability:
Y (-1p p?
C (- thr n
Hypothesis testing: |T | \ M2 + o+
H o w =0 Prob:l—pF[—Sq,p,n—p °
o-H = K ) or 4 + + 7
_ +
Hip<0 Prob = 0.0208
-20 | |
—40 —-20 0 20

Assumption: D [D,;,D,,...,D,]rs Np(u,Z)
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Stringency of the test: a:=005 <setas desired

If assumptions hold and H is true then:

_1). :
o u_qp(l_a,p,n_p) C = 9.4589 <jw eq.5-6 p. 212

(n-p) , ,
NOTE: gF(1-a) is substituted here

L i . . for F(a) in the text.
Decision Rule: Reject H,if T>C Note: jw p. 276 reports a

slightly different value for C
Decision := if(qu1 > C,l,O) Decision= 1 <0 =Do not reject H, here, apparently dueto
1 = Reject H, rounding...

Liklihood Ratio test:

Maximum liklihood estimates of p & X (jw Result 4.11 p. 171) and X,

O ol
‘Sp Zpoha = Z [(DT) IM(DT) I} |Zpona| = 1.7874 10’

(n-1)
Bhat := Dpar ZDhat = -

4
Liklihood Ratio (A) & Wilks' lambda |=Dhat| = 6.249 x 10

(Based on analogy with ONE POPULATION situation- See jw Eq. 5-13 p. 217):

n

- 2
|n'2Dhat|\2 " < A =Wilks' lambda - value is 1.0
= (— A = 0.008811 A =0.423024 when X ., = 1y but decreases
|2D0.hat| ) as pg increases in distance
from the sample mean.
-1
qu ) )
[1 + 1 } = (0.423024) <Equivalentvalue in terms of
n- . ,
Converting to Hotellings T2: ( ) Hotellings T2 (jw Result 5.1 p. 218)
A n) - 1]-(n-1)=13.6393 T = (13.6393) < Solving for T2 (same as T2 above)

< Now run the above test...
Confidence intervals:

o = 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid (jw Eq. 5-18 p. 221):

) := reverse(sort(eigenvaly(Sp)))
<'>

eV = eigenvec(SD,Xj)
449.75041 0.33248 -0.94311) < Coordinates of each column
= = vector of ¢ gives the directions
168.12231 ) 0.94311 0.33248 ) of confidence elipsoid
C:= jM.qF(l— a,p,n- p) C=09273 <Cgives the boundary for the
n-(n - p) confidence ellipsoid for p - seejw eq. 5-18 p. 221
i=1.p NOTE: To obtain the values of F(a)

reported in the text, qF(1-a) must
L.:= C\/Ti be used in MathCad here.
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Multivariate simultaneous confidence ellipsoid:

—9.3636\ . _ 19.66569\ <L are half-leng.ths Qf the axes of the
bar = < Center of ellipsoid L= confidence ellipsoid for pin the
13.2727) 12.02364 ) directions of g

Simultaneous T2 confidence intervals:

= -C = . <jw eq. 5-24 p. 225 (slightly modified
C'Ioweri I:)bari c ’SDi,i C'upperi I:)bariJFC ’SDi,i Iweq p (slightly )

Cl:= augment(C| lower Cl upper)

~22.45327 3726 )

< T2 confidence intervals
-5.70012 32.24557 )

-9.36364
bar =

< Mean values Cl =
13.27273 )

Bonferroni simultaneous confidence intervals:

c:= qt(l - Zi,n - 1) c = 2.6338 < Critical value c based on t distribution

NOTE: qt(1 - a/2p) is substituted
for t(a/2p) in MathCad as above.

’SD. . SD. .
CiIoweri = I:)bari -C f Ciupperi e Dbari yo [—2 <jw eq. 5-29 p. 232

Ci:= augment(c||ower,c|upper)

< Bonferroni confidence intervals

-9.36364 ,
bar = < Mean values ci=

-20.57311 1.84583 )
13.27273 )

-2.9749 2952036
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ORIGIN =1 HOTELLING'S T2PROFILE ANALYSIS FOR ONE POPULATION
(FREPEATED MEASURES DESIGN WITH CONTRASTS)

Read in Data: jw 278.mcd

Prepared by:
Wm Stein

Data on sleeping dogs jw Table 6.2 p. 281. Each of 19 dogs were successively given four

treatments involving two levels each of two variables:

X := READPRN("\DATA\T6-2.DAT")  Treatment 1 = High CO,, no H i e e
Treatment 2 =Low CO,,no H 11420} 609 556 609
n:= rows(X) q:= cols(X) e 277 2 | 253] 236 392 | 395
Treatment 3 = High CO,, with H
. 3 | 359|433 | 349 | 357
Summary statistics of the sample: ~ Treatment 4 =Low CO,, with H  rEArGART
i=1.n j=1.q 5 | 405| 426 | 513] 513
S 6 | 324| 438 | 507 | 539
In =1 | = identity(n) 368.21053 7 [310] 312 410 | 456
1.7 404.63158 8 | 326| 326 | 350 | 504
Xoar := E'X In Xoar = 479.26316 w _ | 9| 375 447 547] 548
502.80474 ) 10| 286 286 | 403 | 422
\ 11| 349 382 | 473 497
. 11 2819.28655 3568.4152 2943.49708 2295.35673 121 2291 410 | 283 | 547
Si= =X 1= —lnln )'X 35684152 79631345 5303.99123 406545906  [13] 348|377 | 447 | 514
| 2943.49708 5303.99123 6851.31579 4499.64035 14| 412] 473 472 446
2295.35673 4065.45906 4499.64035 4878.9883 15| 347 326 | 455 | 468
Specify Contrast Matrix C: _ _ _ 16| 434] 458 | 637 | 524
Testing orthogonality of the rows in C:
-1 -1 1 1) T 17| 364 367 | 432 | 469
C=[1 -11 1 cc—c ccV -cc<2>:(0) 18] 420| 395 | 508 | 531
1 1 1 1 T 19| 397 556 | 645 | 625
y e _ (o)
T < products are all zero
CC<2> -CC<3> _ (0) produ z 1
2
Var =
3
550 4)
500
Xpar 450
400
350 | | | | |
1 15 2 25 3 35 4

Var
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Linear combinations of mean vector X, .. and variance-covariance matrix S with C:

209.316\\ 9432.22807 1098.90643 927.59649\
C-Xpar = | —60.053 C-SCT = | 1098.90643 5195.83041 914.56725
-12.789 } 927.59649 914.56725 7557.39766 )

Hotelling's T2 statistic (jw Eq. 6.16 p. 279):

T Tt
Teq = n'(c'xbar) ~(C-SC ) '(C'Xbar) T = (116.016)

Hypothesis testing:

Hy:Cu=0 Assumption: Vectors of observations in X [X;,X,, ..., Xq] rs Nq(p,,Z)
H,: Cu<>0 However it is expected that observations within each vector (=subject) will be correlated
Stringency of the test: a:=005 <setas desired

If assumptions hold and H is true then:

_(h-1)-(@-1 ~
€= (n-q+1) F(1-o.q-1n-q+1) ¢=10931 NOTE: qF(1-0) is substituted here

for F(a) in the text.

<jw eq.6.16 p. 279

Decision Rule: RejectH,if T>c

Decision := if(TSql > c,l,O) Decision = 1 <0 = Do not reject H,
1 =Reject H,

Confidence T2intervals for the contrasts in C:
a = 0.05 < Set probability of Type 1 error

o (-D-@-1

-qF(l -a,0-1,n-q+ 1) c=10.931 <critical valuec
(n-g+1)

For first contrast (first row of C) involving H effect:
(v
T
o= (")
T
¢ -S¢

n

T T
.S S
Clower = Xer = /© % Clupper == ¢-Xpar +V/C . - : Je

= (73.665)

Cl := augment(Clower. Clupper)

Cl = (135.6503 282.98128) < T2 confidence interval for the contrast C, = H effect
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For second contrast (second row of C) involving CO, effect:

(2
ey
T T T
-S -S -S
Cliower = ¢'Xbar—\/E' i n & Clupper = ¢'Xbar+\/E' ¢ n ¢ \/E ¢ - ¢ = (54.674)

Cl = augment(Clower. Clupper)

Cl = (-114.72708 -5.37818) < T2 confidence interval for the contrast C2 = CO,, effect

For third contrast (third row of C) involving H-CO, interaction:

(&
ey
T T T
-S -S -S
Cliower = ¢'Xbar—\/E' i n & Clupper = ¢'Xbar+\/E' ¢ n ¢ \/E ¢ - ¢ = (65.939)

Cl := augment(Clower. Clupper)

Cl = (—78.72858 53.14964) < T2 confidence interval for the contrast C5 = H-CO, interaction
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HOTELLING'S T2

ORIGIN = 1 jw 28

- TWO POPULATIONS Small sample sizes, Equal s

3.mcd

Lizard Mass & SVL Original datatransformed to natural logs jw Table 6.7 p. 330

Reading the Data:

1 2
X1 := READPRN("\DATA\T6-7Clogs.txt" ) p:= cols(X1) 1170166 23041
X := READPRN("\DATA\T6-7Slogs.txt" ) 2| 16158 4.2413
3| 1.7693] 4.2767
Summary statistics of the sample: 4| 2.4059| 4.382
5| 0.8834| 4.0254
ni:=rowgXq)  np:= rowgXy) ny = 20 ny = 40 1> o108 25053
Mean Vectors & Variance-Covariance matrices: 7| 2904 4.5591
i=1.n ii=1.n ji=1.p 8 | 2.8233) 4.6002
S denity(ng) 9 | 2.7669| 4.5747
= =1 |

n y\n X1 =[10[ 2.8353] 4.5053
llp, =1 = identity(ng) 11| 2.8049 | 4.5109
11 12| 15107 4.2047
Xpar1 = —X1 -In X — 223992 ) 13| 1.9782| 4.3175

N1 barl = | 430443 ) ' '
' 14| 1.6487| 4.2413

107
Xpar2 = n_.x2 Iy Xiego = 2.36814 15| 2.599| 4.5163
2 @ | 4.30809 ) 16| 2.6448 | 4.5109
01282 17| 2.6855 4.4998
\ ' 19| 1.6609| 4.2413
S1= ———X1 (I—n— Inln S - 0.353 0.0942) 20| 2.8274 4.5433
1 1 } 0.0942 0.026 )

Xol[ 1 - i-nn-nnﬂ-xz
no )

Calculating Pooled Variance-Covariance matrix

(nl— l)-S]_+ (n2— 1)82
(n1+ no — 2)

np-1

Spooled =

Hotelling's T2 statistic (jw Eq. 6-23):

Tog=(d- SO)T-H— ¥ ij

80 =

Spooled} (d - 50)

Hypothesis testing:
Hy 8, =m—m=0

Hy 8 =~ <>0

Assumptions: X; [X; 1,X; 5, . s Xq n] 1S Np(py,Zy)

X5 [X2’1,X2’2, . X2,n] rs Np(pa,zz)
X, independent of X,
n, & n, small

2 =2,

(0.5068 0.1454

0.1454 0.0426 )

(jw Eq 6-21):

0.46 0.13)
ooled =

0.13 0.04)

< Set different value for §,
if a test off zero vector is desired.

O)

Probability:

(nl +np— 2)~p

K :=
(n1+ n2—p—1)

Prob:= 1 - pF(| qu| ,p,nq + n2—p—1\

)

Prob=0

Prepared by:

Wm Stein

2.6327

4.3438

1.6556

41271

3.6198

4.6821

3.7324

4.7449

3.4656

4.6634

1.3767

4.0254

1.4741

4.1026

1.1145

3.9512

Ol N|o|o| ]| W[ NP

1.5765

4.0943

[EnY
o

1.8756

4.1589

[N
[N

3.1184

4.5643

[EEY
N

2.5909

4.3758

[EEN
w

1.4132

4.0164

[EEY
N

2.5152

4.3175

[EEN
o1

1.9629

4.1667

[EEY
(2]

3.0482

44716

[EEN
~

3.7609

4.6913

[EEY
(ee]

3.3033

4.5643

[EEY
[(e]

3.661

4.7095

N
o

2.983

4.4368

N
[y

2.6855

4.382

N
N

1.5665

4.1271

N
w

1.6134

4.119

N
i

1.6525

4.1271

N
ol

1.7387

4.1589

N
(]

1.9115

4.1431

N
~

2.3003

4.2627

N
o

2.1783

4.2413

N
©

2.2506

4.2121

w
o

2.0555

4.1897

w
-

1.8999

4.1667

w
N

2.4832

4.3694

w
w

2.8046

4.4308

w
I

2.6123

4.3944

w
()]

2.6174

4.4128

w
(0]

2.337

4.3041

w
~

2.0669

4.2268

w
(e¢]

2.2086

4.2485

w
©

2.5814

4.3503

N
o

2.2811

4.2485
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Stringency of the test: a:= 005 <setas desired

If assumptions hold and Hy is true then (jw Result 6.2 & Eq. 6-4):

(ng+n2-2)p

C:=
(n1+ no-p-1

)~qF(1— o,p,Np+nNp—p- 1)
Decision Rule: RejectHyif T>C

Decision := if(qul > C,l,O) Decision = 1

C =6.4285

NOTE: qF(1-a) is substituted here
for F(a) in the text.

<0 =Do not reject H,
1=Reject Hy

Coefficient vector for linear combination most responsible for rejection of H; is proportional to:

-39.5738 )
139.4564 )

Spooled Ld- (

Confidence intervals:

o = 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid:

A re\,erg{sort[eigenval {(nil + niz)spooledm

Vg 1.4 .
g = agenvec{(nl + nz) spoded,xj}

N 0.036% \ (09624 -0.27165)
|610088x 107°) 027165 09624 )

] (220

(n1+n2_ p- 1)'qF(1_0“’p’n1+ no—p- 1)

C = 25355

Multivariate simultaneous confidence ellipsoid:

-0.1282
N vy

< Center of ellipsoid L=
0.0863 )

0.48742)
0.0198 )

<seejw Remark p. 288

< Coordinates of each column
vector of g gives the directions
of confidence elipsoid

< C (squared) gives the boundary for the
confidence ellipsoid for p - seejw eq. 5-18 p. 221

NOTE: To obtain the values of F(a)
reported in the text, gF(1-a) must
be used in MathCad here.

<L are half-lengths of the axes of the
confidence ellipsoid for pin the
directions of ¢
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Simultaneous T2 confidence intervals (jw Result 6.3 p. 287):

ot [ET o], e ]

i,i i,i

Cl .= augment(Cl lower Cl Uppef)

-0.59735 0.3409

< T2 confidence intervals
-0.04744 0.22011)

—0.12822
'

< Mean values Cl =
0.08634 )

Bonferroni simultaneous confidence intervals:
(extracted from the univariate case)

C:= qt(l - zi,nl +Np— 2) c= 23011 < Critical value c based on t distribution
P
: 1 1) _ 1 1)
Ci =d-c||—+—" Ci =d+c||—+—"
Ioweri i \/M N n2} SpooledJ. . upper, i \/M N n2} SpooledJ. .
1,1 1,1
NOTE: qt(1 - a/2p) is substituted
Ci:= augment(cimwer,ciupper) for t(a/2p) in MathCad as above.
-0.12822") ~ (-0.55398 0.29754) _ , _
d= < Mean values = < Bonferroni confidence intervals
0.08634 ) -0.03507 0.20774 )
X
471 Ox T
X
46 Lt -
X X
+ 47
45 T .
X
X X
2 - X a
Xl 44 + X )%< X
i &
X2 43 L x X -
XXX ¥ o
+H- XX
X x
4.2 + X 7
XXX
XX %((
41 X x —
+ *
a2 -
X
3.9 | | | | | |
0.5 1 15 2 25 3 35 4
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Prepared by:

HOTELLING'S T2 - TWO POPULATIONS Small sample sizes, Equal s Wm Stein

ORIGIN = 1 jw 283A.mcd

Verifying calculations using Using Example 6-4 in jw. Only mean
vectors and Variance-Covariance matrices are provided

Mean Vectors & Variance-Covariance matrices:

204.4") 130.0) 13825.3 238234
barl = | 5566 ) bar2= \ 3550 ) " 238234 73107.4) ny =45 pi=2
. . j=1.p
Observed difference vector d: \ 8632.0 19616 7\
74.4 — ) ’ n- = 55
d:=x - X d= [ 2:
barl — Xbar2 (201_6 ) 19616.7 55964.5 )

Calculating Pooled Variance-Covariance matrix (jw Eq 6-21):

(-S4 (- 1) _ (10963.69 21505.42))
Spooled (ny+np-2) Spooled = | 3150547 6366131 )
Hypothesis testing:
Hy 18, = —-mp=0 O\
3g:= O) < Set different value for §, if a test off zero vector is desired.

Hit8 =m—pp, <0

Assumptions: Xy [X; 1,X1 5, . Xq 5] 1S Np(py,Z4)
X, [xz'l,xzyz, s Xz,n] rs Np(pz,zz)
X, independent of X,
n,; &n, small
21 =2,

Hotelling's T2 statistic (jw Eq. 6-23):

-1
T 1 1
Tsq= (Xbarl — Xpar2 — 50) Kn_l + n_z)'spooled} '(Xbarl — Xpar2 —~ 60) Tsq = (16.0662)
Stringency of the test: a:=005 <setas desired

If assumptions hold and H is true then (jw Result 6.2 & Eq. 6-4):

(nl + Ny — 2)~p

C:=
(n1+ np-p-1

\qF(1 - a,p.np+ np— p-1) C = 6.2441
) NOTE: gF(1-a) is substituted here
for F(a) in the text.

Decision Rule: Reject H,if T>C

Decision := if(qu1 > C,l,O) Decision = 1 <0 =Do not reject H,
1 =Reject H,

Coefficient vector for linear combination most responsible for rejection of H, is proportional to:

0.0017")

-1 .
.d= <seejw Remark p. 288
Spooled (0.0026 )
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Confidence intervals:

a = 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid:

oo ]
e eige”"e{[nil * _j Spooled’xj:|

(2881.75458\ (0.33562 ~0.942 \ < Coordinates of each column

vector of g gives the directions
133.39685 ) 0.942 0.33562 ) of confidence elipsoid

C::j (n1+nz-2)p

(n1+ np—p-— 1).qF(1_a’p’nl+ np—p- 1)

< C (squared) gives the boundary for the
confidence ellipsoid for p - seejw eq. 5-18 p. 221

=1.p C = 24983 NOTE: To obtain the values of F(a)
_ . reported in the text, gF(1-a) must
L= C'\/T' be used in MathCad here.

Multivariate simultaneous confidence ellipsoid:

744 \ 134 14146\\ <L are half-lengths of the axes of the
= ' < Center of ellipsoid ' confidence ellipsoid for pin the
201.6 ) 2886073 ) girections of ¢

Simultaneous T2 confidence intervals (jw Result 6.3 p. 287):

Cliower, = d; - C \/Knil + n_z) spoo,edJ | Clupper, = d; + C \/Knil + —) spoc,.edJ |

Cl := augment(Cliower. Clupper)

21.80733 126.99267\

< T2 confidence intervals
74.86846 328.33154 )

. ( 744

< Mean values Cl =
201.6 )

Bonferroni simultaneous confidence intervals:
(extracted from the univariate case)

c:= qt(l - zi,nl + Ny — 2} c=22764 < Critical value c based on t distribution
P
. 1 1) . 1 1)
Ci =d-c||—+— Ci =d+c||—+—
Ioweri i j Mnl Ny ) Spooled“ . upper, i j Mnl ) Spooled“ .
NOTE: qt(1 - a/2p) is substituted
Ci:= augment(cimwer,ciupper) for t(a/2p) in MathCad as above.
74.4\ ) 26.48936 122.31064\ . . .
= < Mean values ci= < Bonferroni confidence intervals
201.6 ) 86.15065 317.04935 )
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HOTELLING'S T2 - TWO POPULATIONS, UNEQUAL Xs for LARGE SAMPLES ONLY

ORIGIN =1

Lizard Mass & SVL Original datatransformed to natural logs jw Table 6.7 p. 330

Reading the Data:

jw 290.mcd

X1 := READPRN("\DATA\T6-7Clogstxt" ) p = colg(X1)
X5 := READPRN("\DATA\T6-7Slogs.xt" )
Summary statistics of the sample:
ni:=rowgXy)  np:= rowgXy) ny = 20 Ny = 40
Mean Vectors & Variance-Covariance matrices:
i=1.n ii:=1.ny j=1.p
In=1 | := identity(n
dentity(ny) .
=1 Il = identity(np)
1l
1
Xparl = — X1 In _(2:23992)
N1 barl = | 430443 )
1
Xpar2 = — X2 1l _ (2:36814)
n2 bar2= | 430809 )
4 x « -0.1282))
= Abarl bar2 ~ | 00863 )

Sy = X1 (I—n—llnl )

1 1
Sy = Xol| 11— —.||n-||nﬂ.x2
no—1 no )

np-1

Calculating Combined Variance-Covariance matrix (jw Result 6.4 p. 291):
0.030324 0.008343\
0.008343 0.002362 )

Scombined = (i'sl + i52\
nq no )

o)

Hotelling's T2 statistic (jw Result 6.4 p. 291):

qu = (d - SO)T'(Scombined)_ 1‘(d - 60)
Hypothesis testing:
Hy 18, = —-mp=0

Hit8 =m—pp <0

0.353 0.0942)
~ 10,0942 0.026 )

0.5068 0.1454)
~ 101454 0.0426 )

Scombined = (

1

2.0166

4.3041

1.6158

4.2413

1.7693

4.2767

2.4059

4.382

0.8834

4.0254

2.6108

4.5433

2.904

4.5591

2.8233

4.6002

Ol N[ | | W|IN|F

2.7669

4.5747

=
o

2.8353

4.5053

(I
[

2.8049

4.5109

[EEY
N

1.5107

4.2047

[EEN
w

1.9782

4.3175

[y
i

1.6487

4.2413

[EEN
o1

2.599

4.5163

=
()]

2.6448

4.5109

[EEY
~

2.6855

4.4998

[EEY
(ee]

1.807

4.2905

[EEY
©

1.6609

4.2413

N
o

2.8274

4.5433

< Set different value for §,
if atest off zero vector is desired.

Toq = (224.796)

Probability:

Prob := 1 — pchisg( | Teg| . p)

Assumptions: Xy [Xy 1,Xq 5, s Xq p] TS Np(py,Zq) Prob =0
X, [XZ,l’XZ,Z’ s Xz,n] rs Np(pz,zz)

X; independent of X,
n, &n, LARGE
Iz, <>,
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Stringency of the test: ¢ := 005 <setas desired

If assumptions hold and H is true then (jw Result 6.4):
C:= qchisq(l - a,p)
Decision Rule: Reject H,y if T>C

Decision := if(TSJql > C,l,O) Decision = 1

C = 5.9915

NOTE: qchisq(1-a) is substituted here
for F(a) in the text.

<0 =Do not reject H,
1 =Reject H,

Coefficient vector for linear combination most responsible for rejection of H, is proportional to:

-511.5796 )

-1
, d=
Scombined (1843.9771 )

Confidence intervals:

a = 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid:

A= reverse(sort(eigenvals(scombi ned)))
G
g = agenVeC(Scombined»xj)

. 003262 ) (096403 -0.26578)
- 0.26578 0.96403 )

6.13021 x 10" °)

C:=+/qchisg\1 - a,p C = 24477

Multivariate simultaneous confidence ellipsoid:

-0.1282
Ny

< Center of ellipsoid L=
0.0863 )

0.44211)
0.01916 )

<seejw Remark p. 288
& checks with calculations p. 292

< Coordinates of each column
vector of g gives the directions
of confidence elipsoid

< C (squared) gives the boundary for the
confidence ellipsoid for p - seejw eq. 5-18 p. 221

NOTE: To obtain the values of chisq(a)
reported in the text, gchisq(1-o) must
be used in MathCad here.

<L are half-lengths of the axes of the

confidence ellipsoid for pin the
directions of €
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Simultaneous T2 confidence intervals (jw Result 6.4 p. 291):

CIIoweri = di -G ”Scombined;i i CIupperi = di +C ”Scombined;i i

Cl .= augment(C| lower Cl upper)

-0.55446 0.29802)

< T2 confidence intervals
-0.03261 0.20528 )

(—o. 12822

< Mean values Cl =
0.08634 )

Bonferroni simultaneous confidence intervals:
(extracted from the univariate case)

c:= qt(l - Zi,nl +np— 2\ c= 23011 < Critical value c based on t distribution
‘P

)

Ciloweri =d-c ”Scombinedji i Ciupperi =d+c ”Scombinedji i

NOTE: qt(1 - a/2p) is substituted

¢i = augment(cijower. Clupper) for t(/2p) in MathCad as above.
-0.12822)) ~ (-0.52892 0.27248) _ , ,
= < Mean values ci= < Bonferroni confidence intervals
0.08634 ) -0.02549 0.19816 )
X
471 Ox T
X
46 W -
X X
+ o+t
45 T A .
X
x X
(2 - X a
Xl 44 + X )2< X
" %
+ X
X2" 4ab + X —
XXX + .
+H XX
X x
42 + X ]
XXX
XX %((
41 X % _
+ *
- -
X
39 | | | | | |
0.5 1 15 2 25 3 35 4
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ORIGIN=1 HOTELLING'S T2 - TWO POPULATIONS, UNEQUAL s for LARGE SAMPLES ONLY

jw 290A.mcd Prepared by:

Verifying calcuations using Example 6-4 in jw. Only mean Wm Stein

vectors and Variance-Covariance matrices are provided

Mean Vectors & Variance-Covariance matrices:

204.4") 130.0) 13825.3 238234
barl = | 5566 ) bar2= \ 3550 ) " 238234 73107.4) ny =45 pi=2
Observed difference vector d: \ 8632.0 19616 7\ J=1.p
74.4 = ’ ’ n- = 55
d:=x - X d= [ 2
barl — Xbar2 (201_6 ) 19616.7 55964.5 )
Calculating Combined Variance-Covariance matrix (jw Result 6.4 p. 291):
5 1,1 Sz\ 5 464.17 886.08
H = —": + —. H =
omined™= 'y ) ombined = | gg6.08 2642.15 )
Hypothesis testing:
Hy 18, = —-mp=0 O\
8g:= < Set different value for § if a test off zero vector is desired.
Hy 18, =y —pp <0 o)
Assumptions: Xy [X; 1,X1 5, . Xq 5] 1S Np(py,Z4)
X, [xz'l,xzyz, s Xz,n] rs Np(pz,zz)
X, independent of X,
n, &n, LARGE
) <L,
Hotelling's T2 statistic (jw Result 6.4 p. 291):
T -1
Tsq= (Xbarl — Xpar2 — 50) '(Scombined) '(Xbarl— Xpar2 — 50) Tsq = (15.6585)
Stringency of the test: a:=005 <setas desired
If assumptions hold and H is true then (jw Result 6.4):
C = qechisq(1 - o, p) C = 5.9915 NOTE: gchisq(1-c) is substituted here

for F(a) in the text.

Decision Rule: Reject H,if T>C

Decision := if(qu1 > C,l,O) Decision = 1 <0 =Do not reject H,
1 =Reject H,

Coefficient vector for linear combination most responsible for rejection of H, is proportional to:

0.0407") ,
<seejw Remark p. 288
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Confidence intervals:

a = 0.05 < Set probability of Type 1 error

The multivariate confidence ellipsoid:
A= reverse(sort(eigenvals(scombi ned)))

8<j> — eigenVeC(Scombi ned- 7‘])

2957.0001 0.33491 ~0.94225) < Coordinates of each column
= = vector of g gives the directions
149.2295 ) 0.94225 0.33491 ) of confidence elipsoid

C:=yqchisg(l - a,p C= 24417 < C (squared) gives the boundary for the

confidence ellipsoid for p - seejw eq. 5-18 p. 221
NOTE: To obtain the values of chisq(a)

Sy reported in the text, qchisq(l-a) must
= LA be used in MathCad here.

Multivariate simultaneous confidence ellipsoid:

744 \ - . 133.10635\\ <L are half-leng.ths Qf the axes of the
d= < Center of ellipsoid L= confidence ellipsoid for pin the
201.6 ) 2090156 ) girections of £

Simultaneous T2 confidence intervals (jw Result 6.4 p. 291):

CIIoweri = di -C “Scombined;i i CIupperi = di +C Hscombined;i i

Cl := augment(Cliower. Clupper)

21.66401 127. 13599\

< T2 confidence intervals
75.7814 327.4186 )

d:(74.4\

< Mean values Cl =
201.6 )

Bonferroni simultaneous confidence intervals:
(extracted from the univariate case)

c:= qt(l - zi,nl + Ny — 2} c=22764 < Critical value c based on t distribution
P
Ciloweri = di -C “Scombinedji i Ciupperi = di +C Hscombinedji i
NOTE: qt(1 - a/2p) is substituted
Ci:= augment(cimwer,ciupper) for t(a/2p) in MathCad as above.
744  (25.35645 123.44355") , , ,
d= < Mean values = < Bonferroni confidence intervals
201.6 ) 84.5909 318.6091 )
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Read in Data:

X := READPRN("\DATA\T6-1CL.DAT")
Y := READPRN("\DATA\T6-1SL.DAT") 1|2
Ny := rows(X) Py := cols(X) ny =11 px =2 - 6| 27
2| 6| 23
Ny := rows(Y) Py = cols(Y) ny=11 Py =2 3| 18] 62
n:= nX p = pX 4 8 44
. . . o 5| 11] 30
Construct Paired difference matrix & summary statistics: X =
6| 34| 75
D=X-Y 7| 28] 26
i=1.n j==1.p 8 71124
9| 43| 54
In=1 | := identity(n) 10| 33| 30
|
« 1T, « 25.27273) i 0] 14
bar-= % bar = | 46.45455 )
1.7 34.6364
Yhar = —-Y - Yhar =
bar-= 7 bar [33.1818 )
1 1 387.4182 489.3636
Sx == X1 - —-|n-|nﬂ-x Sx = )
n-1 ) 489.3636 1014.0727 )
Sy = v N i-ln-lnﬂ-Y 109.2545 120.3727")
n-1 n ) Sy = D=
120.3727 363.7636 )
1 T -9.3636)
Dpy := —-D -l Dhar =
bar n bar [13.2727 )
1 1 199.2545 88.3091
Sp = .DT. |__.|n.|nT\.D = \
n-1 ) 88.3001 418.6182)

25

15

28

13

36

22

35

29

15

31

44

64

42

30

54

64

O|lo| N[ | W[DN]| -

34

56

=
o

29

20

[
[

39

21

-19

-22

-18

-27

-10

-14

17

O|lo| N[l | W[DN]| -

=
o

[
[N

-19
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ORIGIN =1

MANOVA - One Way
jw 298.mcd

Lizard Mass & SVL Original datatransformed to natural logs jw Table 6.7 p. 330

Reading the Data:
X1 := READPRN("\DATA\TB-?CI ogs.txt" )

X5 := READPRN("\DATA\T6-7Slogs.txt" )

Summary statistics of the sample:

n = rows(Xg)  n,:= rowgXp)

Mean Vectors & Variance-Covariance matrices:

i=1. n,
In. = 1

1
”n =1
|

ii::l..n2 j==1.p
| = identity(nl>
Il = identity(nz)

1 1
S = Xq' o1 - —-|n-|nﬂ-x1
n, - 1 n
1 1
S,:= Xol[ 11— —-||n-||nﬂ-x2
n, - 1 n,
Total Sample size:
N:= n +n, N = 60
Grand Mean:
m:=1.9
X -—i n_-X
barGM = N {Z( m barm)}
m

Residual/Error/Within Matrix W:
m:=1.9

W= % (nm — 1)-Sm

Treatment Matrix B:

m:

I
[N
«

Prepared by:
Wm Stein

1

2

2.63268

4.34381

1.65556

412713

3.61982

4.68213

3.73244

4.74493

3.46558

4.66344

1.37675

4.02535

1.47408

4.10264

1.11449

3.95124

Ol N|o|o| | W[ DN|F

1.5765

4.09434

[EEY
o

1.87564

4.15888

[N
[EEN

3.11839

4.56435

[EEY
N

2.59092

4.37576

[EEN
w

1.41318

4.01638

[EEY
N

2.51519

4.31749

[EEN
o1

1.96291

4.16667

[EEY
(2]

3.04818

447164

[EEN
~

3.76094

4.69135

[EEY
(ee]

3.30325

4.56435

[EEY
[(e]

3.66102

4.70953

N
o

2.983

4.43675

1 2
p:= cols(X1) 1| 2.01663] 4.30407
g2 2 | 1.61582| 4.24133

3| 1.76934| 4.27667
4 | 2.40586 4.38203
20) 5| 0.88335| 4.02535
n:(40) 6| 2.6108| 4.54329
7| 2.904| 4.55913
8 | 2.82328| 4.60016
9 | 2.76695 | 4.57471
X1=[10] 2.83527| 4.50535
11| 2.80493| 4.51086
12| 1.51072| 4.20469
barl:(ji‘;’jjz) 13| 1.97824| 4.31749
' 14| 1.64866 | 4.24133
2.36814 15| 2.59898 | 4.51634
bar2:(4.30809 ) 16| 2.64476| 4.51086
_0.12822) 17| 2.68546 | 4.49981
d=(0.08634) 18| 1.80698 | 4.29046
19| 1.66089 | 4.24133
s :(0-353 0.0942)) 20| 2.82743| 4.54329
1100942 0026 )
0.50684 0.14539")
2 (0.14539 0.04255 )
2.3254
XoarGm = [4.33687 )

26.47486 7.45949 )
~\ 745049 21527 )

0.21921 -0.1476)

B= 2 Mo (Xoar, ~ Xoaram ) (Xear,, - XbarGM)T i (—0.1476 0.09938
m

N
[y

2.68553

4.38203

N
N

1.56653

412713

N
w

1.61343

4.11904

N
i

1.6525

412713

N
(&)

1.73871

4.15888

N
(]

1.91147

4.14313

N
~

2.30028

4.26268

N
o

2.17827

4.24133

N
©

2.25055

4.21213

w
o

2.05553

4.18965

w
-

1.89987

4.16667

w
N

2.48324

4.36945

w
w

2.80457

4.43082

w
S

2.61227

4.39445

w
(&

2.6174

4.4128

w
(0]

2.33699

4.30407

w
~

2.06686

4.22683

w
(e¢]

2.2086

4.2485

w
©

2.58143

4.35028

N
o

2.28105

4.2485
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MANOVA Table jw p. 299

Source SSP Matrix Degrees of Freedom
0.21921 -0.1476)
Treatment B= dfg:=g-1 dfig=1
Matrix B -0.1476 0.09938 )
Residual/Error _ (26.47486 7.45949) dfy:=N-g dfyy = 58
Matrix W 745949 21527 )
TOTAL 26.69407 7.31189)
(mean corrected) B+W-= dft:=N-1 dft =59
7.31189 2.25208 )

MANOVA tests jw p. 299-300.
Decomposition Model:

xi'j P+ tg where:j=1to n,

y

Restriction: m=1tog

zZn,t, =0

Assumptions:
All populations Pl-Pg rs
g rs N(O, 62)
Population variances equal

Wilk's Lambda Test Statistic:

w

7 |w+ B

Lawley-Hotelling Trace:

LHtr := tr(B~W_ 1)
Pillai trace:

Ptr == tr[B~(B +W) 1]
Roy's largest root:

Rrt := ma{eigenvals[W(B + W) 1]]

Stringency of the test: o= 0.01

Hypothesis testing:
Hy:ty =15 = . Ty =0

H, : atleastonet <>0

Ag = 0.20266
LHtr = 3.93431
Ptr = 0.79734
. -1 1)
Rrt=1 eigenvag W-(B + W =
9 S[ ( ) ] [0.20266 )

< setas desired
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If assumptions hold and Hy is true then jw Table 6.3 & p. 300:
Number of Variables p: Number of groups g: Sampling Distribution Critical Value C:
=1 >1
P g c=qgF1-o0,g- 1,N-g) C = 7.0931
Decision Rule: Reject Hy if K > C:

o (u\.[ﬁ\

o-1) As K = 22818983  Probability: 1 - pF(K,g- 1,N—g) =0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1 =Reject H,
p=2 g>1 C=qgd1-a,2(g-1),2(N-g-1)] C = 4.79631

Decision Rule: Reject Hy if K > C:

K= (N‘g‘l\.(l_\/rs\

g-1 ) [Ae ) K = 69.61582 Probability: 1 - pA K,2:(g-1),2(N-g-1)]=0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1 =Reject H,
p>0 g=2 C=qF(1-o,p,N-p-1) C = 4.99811

Decision Rule: Reject Hy if K > C:

‘o (N— p- 1\.(1—1\&

b )\ As K = 11212776  Probability: 1 - pF(K,p,N-p—1) =0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1 =Reject H,
p>0 g=3 C=qgd1-a,2p,2(N-p-2)] C = 349133

Decision Rule: Reject Hy if K > C:

K = (N‘p‘z\.(l_\/rs\

P )| e ) K = 3419724  Probability: 1- pH K,2:p,2(N-p-2)]=0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1 =Reject H,
Bartlett's test for Large N C:= qchise{ 1 - a,p-(g— 1) | C=09.21034

Decision Rule: Reject Hy if K > C:

- n_1- P9
K= (N ! 2 In(AS) K = 90.9841 Probability: 1 — pchisq K,p-(g—1)]=0

)

Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1 =Reject H,
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 305:

o = 0.05 < Set probability of Type 1 error

ci= q{l—;,N—g} ¢ = 2.30108
pg(g-1)

Differencein means between first & second populations:

i=1.p
W. .

K = N_"(i L1 o 0.18503)

“9(" M 0.05276 )
Cl|ower = Xbarl — Xbarz — CK Clupper = Xbarl — Xbarz + C-K

Note: According to jw Result 6.5,
. c ) . (—0.55398 0.29754 Bonferroni simultaneous confidence

C1 := augmen (C|Iower,Clupper) 1= ~0.03507 0.20774 ) intervals apply to ALL variables

(=components of mean vectors)
simultaneously for ALL pairwise
comparisons across groups.
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ORIGIN =1 MANOVA - One Way

jw 298A.mcd

Verifying calculations for jw Example 6.9 p. 303.
Wisconsin Nursing Home Data:

g:= 3 <#Populations (kinds of homes) X2 = cost of dietary labor
p:=4 <#Variables (kinds of labor)

X1 =costof nursing labor

Prepared by:
Wm Stein

X3 = cost of plant operation & maintainance labor

X4 = cost of housekeeping & laundry labor

Data is provided in summary form only:

Private (P1) Nonprofit (P2)

n = 271 n,:= 138
2.066 2.167))
« 480 } « 596 }
bar, = | g2 bar, = | 124
360 ) 418 )
291 -.001 .002 .010) 561 .011 .001 .037)
—-.001 .011 .000 .003‘ 5, 011 .025 .004 .007}
| .002 .000 .001 .000 " | .001 .004 .005 .002
010 .003 .000 .010) .037 .007 .002 .019)
Total Sample size:
N:=n, +n,+n, N = 516
Grand Mean:
2.1359)
Ny Xpar, + Ny Xbar, + Ny Xpar, 0.5195
XparGM = P XparGM = 0.1021
1+ 2+ 3 5
0.3803
Pooled Within (= Residual = Error) Matrix W: 183.093 4.417
w . . . w 4417 8197
(1 )Sl (2 )SZ (3 )SB 0.995 0.548
9.677 2405
Treatment Matrix B:
m=1.9 3.4688
1.0986
T
B:= n_-(X - X (X - X B=
Z m( barm barGM)( barm barGM) 0.8107
m

Government (P3)

N, := 107

2.273)

521
Xoarg =1 o }

383 )

.261
.030
.003
.018

.030
.017
.000
.006

.003
.000
.004
.001

.018)
.006

.001 }
.013)

0.995 9.677))
0.548 2.405
1379 038 ‘
0.38 6.681)

1.0986 0.8107 0.586\
12307 045 0.6157
045 0.2318 0.2311

0.586 0.6157 0.2311 0.3086 )
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MANOVA Table jw p. 299
Source SSP Matrix Degrees of Freedom

3.4688 1.0986 0.8107 0.586\

1.0986 12307 045 0.6157
Treatment B= dfg:=g-1 dfg = 2
Matrix B 0.8107 045 02318 0.2311
0586 0.6157 0.2311 0.3086 )
183.093 4.417 0.995 9.677))
Residual/Error W o 4417 8.197 0548 2405 ‘ dfyw:=N-g dfyy = 513
Matrix W 0995 0548 1.379 0.38
9.677 2405 038 6.681)
186.5618 55156 1.8057 10.263)
TOTAL

55156 9.4277 0.998 3.0207
(mean corrected) B+W-= dft:=N-1 dft = 515
1.8057 0.998 1.6108 0.6111

10.263 3.0207 0.6111 6.9896 )

MANOVA tests jw p. 299-300.
Decomposition Model: Hypothesis testing:

Xij=pt+rt +g; where:j=1tong

_ H0:1:1:1:2:...1: =0
Restriction: m=1tog

g

. <>
zn. 1, =0 H, :atleastonet <> 0

m'm

Assumptions:
All populations Pl-Pg rs
g rs N(O, c2)
Population variances equal

Wilk's Lambda Test Statistic:

5= % Ag= 0.7628
Lawley-Hotelling Trace:
Lrtr = t(Bw 3 L Htr = 0.3001
Pillai trace:
Prr = t] BB + W)~ 1] Ptr — 0.2456
Roy's largest root: 1 \
Rrt := ma{eigenvals[W(B + W)~ 1]] Rrt =1 eigenvals[W(B + W)~ 1] = 8322? ‘
1)

Stringency of the test: ¢ := 001 <setas desired
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If assumptions hold and H is true then jw Table 6.3 & p. 300:

Number of Variables p: Number of groups g:

p=1 g>1
Decision Rule: Reject H, if K > C:

. (u\(l—_As\

g-1) As )

Decision := if (K > C,1,0)

p=2 g>1

Decision Rule: Reject H, if K > C:

K_(N—g—l\.l—JXQ
Vet A

Decision := if (K > C,1,0)

p>0 g=2

Decision Rule: Reject H, if K > C:

_(N-p-1)(1-As)
K'_( p )( As )

Decision := if (K > C,1,0)

p>0 g=3

Decision Rule: Reject H, if K > C:

o (No0m2) 1-\[As)
Loe U

Decision := if (K > C,1,0)

Bartlett's test for Large N

Decision Rule: Reject H, if K > C:

K = —(N ~1- %\-m(/\s)

)

Decision := if (K > C,1,0)

Sampling Distribution Critical Value C:

c=qF(1-a,g-1,N-g)

K = 79.7796

Decison= 1

Ci=qA1-a,2(g-1).2(N-g-1)]

K = 37.1207

Decison= 1

C

K =39.7343

Decison= 1

C=qF1-a,2p,2(N-p-2)]

K = 18.4879

Decison= 1

C

K = 138.5215

Decison= 1

<0 =Do not reject H,
1 =Reject H,

<0 =Do not reject H,
1 =Reject H,

= gF(1 - a,p,N-p-1)

<0 =Do not reject H,
1 =Reject H,

<0 =Do not reject H,
1 =Reject H,

= qchisf 1 - a,p-(g—-1)]

<0 =Do not reject H,
1 =Reject H,

C = 4.6468

C=3.3375

C = 3.356

C = 2.5287

C = 20.0902
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 305:

o = 0.05 < Set probability of Type 1 error

o
c:=( 1——,N—g} c= 28782
{ p-g(g-1)

Differencein means between first & second populations:

i=1.p
0.0625
Wi 1) !
= || i ,(_+_ __|oom2
9\ M) 0.0054
0.0119 )
Cllower = xbarl — Xbarz — CK Clupper = xbarl — Xbarz + CK
~0.2808 0.0788 \ Note: According to jw Result 6.5,
. ci . | 0154 -0.078 Bonferroni simultaneous confidence
¢i = augment(Cilower Clupper) “= 1 00576 —0.0264 intervals apply to ALL variables

) (=components of mean vectors)
—0.0923 -0.0237 simultaneously for ALL pairwise

. . . . . comparisons across groups.
Difference in means between first & third populations: P group

0.0682
Wiif1 1) )
ki | L1 _(_ b= o 0.0144
“9(" N3 0.0059
0.013 )
Cllower = xbarl — Xbarz - CK Clupper = xbarl — Xbarz + CK
-0.2973 0.0953
, t( _ , ) ~-0.1575 -0.0745
Cl := augment| Cl ,Cl Cl =
9 lower- =upper ~0.059 -0.025

-0.0955 —0.0205 )

Difference in means between second & third populations:

0.077
Wi (1 1) 0.0163
Kj:= N— — + — =l
“9(Ny N3) 0.0067
0.0147 )
Cllower = xbarl — Xbarz - CK Clupper = xbarl — Xbarz + CK

-0.3225 0.1205
. . . ) -0.1629 -0.0691
Cl .= augmmt(c||ower,clupper) Cl = _O 0612 _O 0228

-0.1003 -0.0157 )
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MANOVA - One Way Prepared by:

ORIGIN = 1 jw 298B.mcd Wm Stein
Verifying calculation of Standardized Discriminant (Canonical) Coefficients
Reading the Data:
Y = READPRN("\DATA\FOOTBALL.DAT") Head/Helmet measurements in A. C. Rencher Methods

of Multivariate Analysis 4th edition. p. 306-307
X5 := READPRN("\DATA\T6-7Slogs.txt" )
Six head measurement variables
Summary statistics of the sample: Three groups with 30 measurements each

p:=6 g:=3 n:= 30

Mean Vectors & Variance-Covariance matrices:

i=1.n j=1.p
Ini =1 | := identity(n) SP (Within/Error partials)
152 )
X := submatrix(Y,1,30,2,7) 58.937
107
LT i IR (O
14.73333
12.26667 )
X := submatrix(Y,31,60,2,7)
1542
Xoar, = %-xﬂn 57.37967
Xbar,, = 1?3%233 SP, = XT-(I - %.ln-lnT)-x
13.45333
11.94333 )
X := submatrix(Y,61,90,2,7)
1558 )
Xoar, = %-XT-In 57.77 1 \
Xeey. = 19.81 SP, = XT-(I - Fln-lnT}-x
3 | 10.94667
13.69667
11.80333 )
Total Sample size:
N:=3:n N = 90
Grand Mean: 15.4 \
m=1.g 58.02889
XbarGM = %[Z (n'xbarm)} XbarGM = 1211927722
m 13.96111

12.00444 )
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Residual/Error/Within Matrix E:

37256 502812 13739 729 10836 19.836
m=1.9 50.2812 275.01513 88.73778 56.7853 29.58553 43.94343
E=Y S, o _| 13730 8373778 4749708 668217 1118733 13843
- 729 567853 6.68217 107.22433 27.38333 3.69467
10.836 2958553 11.18733 27.38333 53.771 0.79433
10.836 43.94343 13843 369467 079433 3267
Treatment Matrix H:
m=1.g 2184 -72362 -1794 1334 -6366 2696 )
~7.2362 3039536 825744 750897 32.98158 9.89601
H:=n Z(Xbarm—XbarGM)'(xbarm—XbarGM)T ~1794 825744 182072 1559233 7.01294 2.35911
m M| 1334 750807 1559233 143.36467 6270167 18.39733
-6.366 32.98158 7.01204 62.70167 27.72289 8.60122
MANOVA Table jw p. 299 2606 089601 235011 1839733 860122 3.38822 )
Source SSP Matrix Degrees of Freedom
2184 -72362 -1794 -1334 6366 2696 )
~7.2362 3039536 825744 750897 32.98158 9.89601
~1.794 825744 1.82072 1559233 7.01294 2.35911
Treatment H= dfy:=9g-1 dfy = 2
Matrix H ~1334 750897 1559233 143.36467 62.70167 18.39733
(same as B) ~6.366 32.98158 7.01294 6270167 27.72289 8.60122
—2696 9.89601 235011 1839733 8.60122 3.38822 )
37.256 502812 13739 729 10836 19.836 )
50.2812 275.01513 88.73778 56.7853 29.58553 43.94343
Residual/Error 13739 88.73778 47.49708 6.68217 11.18733 13.843 dfg= N— g dfg = 87
Matrix E == 729  56.7853 6.68217 107.22433 27.38333 3.69467
(same as W) 10.836 29.58553 11.18733 27.38333 53.771 0.79433
10836 43.94343 13.843 3.69467 079433 3267 )
3944 43045 11945 605 447  17.14 )
43.045 314.41049 96.99522 131875 62.56711 53.83944
TOTAL 11.045 96.99522 49.31781 22.2745 18.20028 16.20211
(mean s -6.05 131.875 222745 250589 90.085  22.092 dft:=N-1 dft = 89
corrected) 447 6256711 18.20028 90.085 81.49389 9.39556
17.14

53.83944 16.20211 22.092 9.39556 36.05822 )
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MANOVA tests jw p. 299-300.
Decomposition Model:

Xij=p+mte
Restriction:

Zn, 1, =0

Assumptions:
All populations Pl-Pg rs

g rs N, c2)
Population variances equal

Wilk's Lambda Test Statistic:
L
|E + H|

s:
Lawley-Hotelling Trace:

LHtr := tr(HE_ 1)
Pillai trace:

Pt ] H-(H + B 1]

Roy's largest root:

Rrt := max{eigenval{E(H +E) 1]]

Stringency of the test:

where: j=1ton
m=1tog

Hypothesis testing:

HO:'cl:tz:...rg:O

H, : atleastonet <>0

Ag= 0.30712

LHtr = 2.03369

Ptr = 0.76116
0.34273)
1
0.89611
1
1

1)

Rrt = 1 eigenvald E(H+ B 1] =

o =001 <setasdesired
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If assumptions hold and Hy is true then jw Table 6.3 & p. 300:

Number of Variables p: Number of groups g: Sampling Distribution Critical Value C:
=1 1
P 9= C=qf1-a,g- 1.N-g) C - 485777
Decision Rule: Reject Hy if K > C:
_(N- g\ 1- As\\
CEEVANSY K = 9813705  Probability: 1- pF(K,g- 1,N-g)=0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1=Reject Hy
p=2 g>1 C=qgf1-a,2(g-1),22(N-g-1)] C = 343011

Decision Rule: Reject H, if K > C:

Kz:(w—g—l\ﬁl—ﬁs\

g-1 ) \/TS ) K = 3459116 Probability: 1- pA K,2:(g- 1),22(N-g-1)]=0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1=Reject Hy
p>0 g=2 c=gF1-o,p,N-p-1) C=3.0273

Decision Rule: Reject Hy if K > C:

. (N— p- 1\.(1—1\5\

b ) As ) K = 31.20833 Probability: 1 - pF(K,p,N-p-1)=0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1=Reject Hy
p>0 9=3 C:=qf1-a,2p2(N-p-2)] C = 2.20485

Decision Rule: Reject Hy if K > C:

K::(N—p—Z\.ﬁl—\//\_s\

p ) Mhe ) K =10.99409  Probability: 1 - pHA K,2:p,22(N-p-2)]=0
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1=Reject Hy
Bartlett's test for Large N C:= qchisq[l - o,p(g - 1)] C = 26.21693

Decision Rule: Reject Hy if K > C:

K= —(N —1- %\-ln(/\s)

)

Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1=Reject Hy

K = 99.75283 Probability: 1 — pchisf K,p-(g—1)]=0
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 305:

o := 0.05

- 1—L,N—}
‘ q{ p-g(g-1) J

Differencein means between first & second populations:

i=1.p

i(&+1\

N—g. n n)

Kj =

Cllower == >(barl - Xbar2 - Cx
C|upper = Xbarl — Xbarz + C-K

< Set probability of Type 1 error

c=3.07912

0.16896
0.45906
0.19078
0.28664
0.20299
0.15822 )

Differencein means between first & third populations:

Kj =

i(&+1\

N—g. n n)

Cllower == >(barl - Xbar3 - Cx
C|upper = Xbarl — Xbar3 + C-K

0.16896
0.45906
0.19078
0.28664
0.20299
0.15822 )

Differencein means between second & third populations:

Kj =

E_(z 1)

N-g\n n)

Cllower == >(barz - Xbar3 - Cx

0.16896
0.45906
0.19078
0.28664
0.20299

C|upper = Xbarz - Xbar3 + CK

0.15822 )

ci

ci

ci

—0.74026
0.14382
—-0.28243
2.12072
0.65498
—-0.16385

—0.90026
—0.24651
-0.2891
1.25406
0.41164
—0.02385

Note: According to jw Result 6.5,
Bonferroni simultaneous confidence
intervals apply to ALL variables
(=components of mean vectors)
simultaneously for ALL pairwise
comparisons across groups.

0.30026
2.97085
0.89243
3.88594
1.90502
0.81052 )

0.14026
2.58051
0.88576
3.01928
1.66169
0.95052 )

—0.68026
-1.80385
—-0.5941
-1.74928
—0.86836
-0.34719

0.36026
1.02318
0.58076
0.01594
0.38169
0.62719 )
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Calculating Standardized Discriminant (canonical) Coefficients - Rencher p. 309

0.42823
0.57794
0.15792
0.08379
0.12455
0.228

0.57794 0.15792
3.16109 1.01997
1.01997 0.54594
0.6527 0.07681
0.34006 0.12859
0.5051 0.15911

0.08379 0.12455
0.6527 0.34006
0.07681 0.12859
1.23246 0.31475
0.31475 0.61806
0.04247 0.00913

1.91776
0.11593

0

A= reverse(sort(eigenvals(E_ L H))) A=

o O O

)

unit length eigenvectors :

eqim eigenvec<E— 1~H,7»1> -0.63093 0.64503
0.00242 -0.00024
, eC<E_ L ) 0.00428 -0.01312
€9 := elgenv ‘H, €1 = €9 =
2= 2 171 043073 | 27| 024772
0.33552 ~0.17603
0.55118 ) -0.70101 )
1 < scaling factors:
e \”T—[ scaled eigenvectors e:
&€ . €
LoSeal o sosa -0.94842))
€ = Kel 0.00364
0.00644
1 €=
KK = ———— kK = 2.18094 0.64748
=
/ 62 -Sp62 0.50436
0.82854 )
e, = KK 1.40678
-0.00051
=S, -0.02862
, o -
2 | 054027
-0.38391
-1.52886 )
-0.62064 ) 0.92058
0.00647 -0.00091
0.00476 -0.02115
diagly/9)-e, = diag9)-e, =
o 1 ] 071881 o 2 | 059979
0.39651 -0.30182
0.50772 ) -0.93687

\/ 81 Sp|81
\/ 82 “Spl-€2

0.228
0.5051
0.15911
0.04247
0.00913
0.37552 )

< Eigenvalues of E'1H p. 304-305

< Pooled Within/Error variance

Canonical correlations - Rencher p. 192-193.

A1
r1 = r1 = 0.81072
1+
A2
r2 = r2 = 0.32232
1+2Xo

< Measures
degree of
association
of variables
with groups

< Eigenvectors comprise coefficients for
the discriminant function describing
directions of maximum separation

between groups

T
g1 -e1=(1)

e1'-Spre = (0.44255)

£2' -Spre2 = (0.21024)

Eigenvectors € must be scaled in length so that

the above equations equal unity

\

< See Rencher p. 310.
Standardized discriminant (canonical) coefficients
are a way to see how much effect a variable has
with regard to the differences used to reject H,

% -
l \/ 81 “Spl-e1
S| TFT—
\/ 82 Sp|82

Scaled eigenvectors e in the above
equations now equal unity

81 =(1)

2 =(1)
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Two Way MANOVA - Fixed Effects

ORIGIN = 1 jw 313.mcd

Plastic Film Data, five replicates per treatment block, and two fixed factors:

Factor A: Rate of Extrusion (low, high) first column of Y
Factor B: Amount of Additive (low, high) second column Y

Data collected for
three variables:

X1, X2, X3
in columns 4-6 of Y

Reading the Data:
Y := READPRN("\DATA\T6-4.dat" )

Summary statistics of the sample:
n=5 a=2 b=2 p:=3

Block Means:

i=1.a j:=1.b k=1.p m:=1.n
In =1 | := identity(n)
m
X = submatrix(Y,1,5,3,5) Block SSP:
6.3 )
107
— T 1
Xbarl,l' n X"In Xpar, | = | 956 SP, = XT-(I - F~|n-|nT)'X
_ 3.74)
X := submatrix(Y,6,10,3,5)
6.68
107
— T 1
Xbarl,z' n X"In Xpar, ,= | 958 P, = XT-(I - F~|n-|nT)'X
. 3.84)
X := submatrix(Y,11,15,3,5)
6.88)
107
= — . 1
Xbarz,l' n X" In >(barz - 8.72 SP3 = XT-(I - Fln-lnT)-X
_ 3.14)
X := submatrix(Y, 16,20, 3, 5)
7.28)
107
X ==X -l 1
bar, >~ n Xpar, , = | 94 SP, = XT-(I - F~|n-|nT)'X
5.02)
Factor A Means:
Na=an m:=1.Na I =1
m

X := stack(submatrix(Y,1,5,3,5), submatrix(Y,6, 10, 3,5))

e, = T o
217 Ny n Xpara = | 957
3.79)

X := stack(submatrix(Y,11,15,3,5), submatrix(Y, 16, 20, 3,5))

I
X =Xl 7.08
barA,, NA n \
Xparn,, = | 9.06
408)

{31}
XparA = ( \

Prepared by:

Wm Stein
1 2 3 4 5
1 0 0| 65| 95| 4.4
2 0 0| 62| 99| 6.4
3 0 0| 58| 9.6 3
4 0 0| 65| 96| 41
5 0 0| 65| 9.2| 08
6 0 1| 69| 91| 57
7 0 1| 72| 10 2
8 0 1| 6.9 99| 3.9
9 0 1| 61| 95| 1.9
Y =110 0 1| 6.3| 94| 57
11 1 o 67| 9.1| 28
12 1 0| 66| 9.3 41
13 1 0| 72| 83| 38
14| 1 0| 71| 84| 16
15 1 0| 68| 85| 34
16 1 1| 71| 92| 84
17 1 1 7| 88| 5.2
18 1 1| 7.2| 97| 6.9
19 1 1| 75(101| 2.7
20 1 1| 76| 92| 1.9

{3,1} {31}
Xpar = ( \

{31 {31)

{31 )
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Factor B Means:
Ng:= b-n m:=1..Np mip:=1

X := stack(submatrix(Y,1,5,3,5), submatrix(Y,11,15,3,5))

Xoxg o 1 < 6.59)
1 N XbarBl =914
3.44)
X := stack(submatrix(Y,6,10,3,5),submatrix(Y, 16, 20, 3,5))
Xoarg, = —X"-In 6%)
2 N XbarBz= 9.49 {3,1}\
443 ) XparB = ({ Y
Grand Mean:
N:= ab-n m:=1.N Ih =1
m
X := submatrix(Y,1,20,3,5)
6.785
XGM = %.XT.ln XaM = | 9.315
3.935)

Sums of Squares & Products Matrices:

. 17405 -1.5045 0.8555 )
SSPA ::Zb'”'(xba“\i_XGM)'(XbafAi_XGM) SSPp = | -1.5045 1.3005 -0.7395
! 0.8555 -0.7395 0.4205 )

. 0.7605 0.6825 1.9305)
SSPg = a’”'(xbaf B, ~ XGM)'(Xbaf B, ~ XGM) SSPg = | 0.6825 0.6125 1.7325
J 1.9305 1.7325 4.9005 )

SSPAR = ZZ ﬂ-(XbarLj = Xoara, ~ Xoars, + XGM)'(xbari,j = Xoara, = Xoars, + XGM)T

rJ
0.0005 0.0165 0.0445\

m=1.4 1764 002 -307 ) SSPag = | 0.0165 0.5445 1.4685
SoPe ::Z c3 SSPe=| 002 2628 —0552 0.0445 1.4685 3.9605 )
m ~3.07 -0.552 64.924 )
| := identity(N)

42655 -0.7855 —0.2395)
1

SSPy = xT.(l—N-ln.lnT)-x SSPr = | -0.7855 50855 1.9095

02395 1.9095 74.2055)



2005 jw313

MANOVA Tablejw p. 310

Source

Factor A

Factor B

Interaction

Residual/Error
(Matrix E or W)

TOTAL
(mean corrected)

MANOVA tests jw p. 311-312

Decomposition Model:

Xi,j,m =pu + °‘i + BJ+ yi,j+ Si

Restriction:

Zo = Bj:ZjYi,jZZYi,j: 0

Assumptions:

SSPp =

SSPg =

SSPaB =

SSPE =

SSPy =

y

All populations Pl-Pg rs

g rs N, c2)

Population variances equal

SSP Matrix Degrees of Freedom

1.7405 -1.5045 0.8555 \
-1.5045 1.3005 -0.7395 dfa =a-1
0.8555 -0.7395 0.4205 )

0.7605 0.6825 1.9305\
0.6825 0.6125 1.7325 dig=b-1
1.9305 1.7325 4.9005 )

0.0005 0.0165 0.0445)
0.0165 0.5445 1.4685 dfag == (a— 1)-(b - 1)
0.0445 1.4685 3.9605 )

1764 002 -3.07 )
002 2628 -0552
~3.07 -0.552 64.924 )

dfg = ab-(n - 1)

4.2655 -0.7855 —0.2395\
-0.7855 5.0855 1.9095 dft:=abn-1
—0.2395 1.9095 74.2055 )

where: i = 1to a (factors of A)
j=1to b (factors of B)
m =1to n (replicates)

dfa =1

dfg=1

dfag =1

dfg = 16

dft = 19



2005 jw313

Hypothesis testing:
Factor Interaction:

Ho:ally; =0 foralli&]

H, : atleastoney;; <>0

Wilk's Lambda Test Statistic:

| SSPe|
5= Ag= 077711
|SSPAB + SSPE|

Lawley-Hotelling Trace:

L Htr = tr(SSPAB.SSPE‘ 1) L Htr = 0.28683
Pillai trace:

Ptr - tr[SSPAB.(SSPAB + ssPg)” 1] Ptr — 0.22289
Stringency of the test: o:= 005 <setas desired
Exact F distribution for (a-1)(b-1)=1 vi=|[(@a-1)-(b-1)-p| +1

vo=ab(n-1)-p+1
C:=qF(1- a,vy.vy) C = 3.34389
[ab (n-1)—p+1] Probability:
K o 2 1- As\
| @D - (0-1-pl+1] As ) K = 1.33852 1 - pF(K,v1,vp) = 0.30178
2
Decision := if(K > C,l,O) Decision= 0 <0 =Do not reject H,
1=Reject H,
Bartlett's test for Large N C:= qchisq[l - a,p(a-1)(b- 1)] C = 7.81473
Decision Rule: Reject Hy if K > C:
ke Jann . PrI-@ DE-D] Probability:
: > S/ K = 3.65659 1 - pchisq] K,p-(a— 1)-(b - 1) | = 0.30101
Decision := if(K > C,l,O) Decision= 0 <0 =Do not reject H,

1=Reject Hy
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Factor A Effect:

Hy oy =0y, =..0;=0

H, : atleast onea <>0

Wilk's Lambda Test Statistic:

|SSPE|
Agi= ———— Ag= 0.38186
|SSPA + SSPE|

Lawley-Hotelling Trace:

LHtr = tr(SSPASSPE_ 1) LHtr = 1.61877
Pillai trace:

Ptr:= tr[SSPA-(SSPA + SSPg) 1] Ptr = 0.61814
Stringency of the test: o:=005 <setasdesired
Exact F distribution for (a-1)(b-1)=1 vi=l@-1)-pl+1

vo=ab(n-1)-p+1
C:=qF(1- a,vy,vy) C = 3.34389
[ab-(n-1)—p+1] Probability:
_ 2 1-As)
" -+ As K = 7.55427 1 - pF(K,v1,vp) = 0.00303
2
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1 =Reject Hy
Bartlett's test for Large N C:= qchisf 1 - a,p-(a— 1) | C =7.81473
Decision Rule: Reject Hy if K > C:
Probability:
B p+l-(a-1)
K= {a'b'(” -b- > n(As) K = 13.95923 1 - pehisg K, p-(a— 1) ] = 0.00296
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,

1 =Reject Hy
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Factor B Effect:
HO:BlzﬁZ:...ﬁj:O
H, : atleastonep <>0

Wilk's Lambda Test Statistic:

|SSPE|
g=——— Ag= 052303
|SSPg + SSPE|
Lawley-Hotelling Trace:
L Htr = tr(SSPBSSPE_ 1) LHtr = 0.91192
Pillai trace:
Ptr - tr[SSPB.(SSPB + ssPg)” 1} Ptr — 0.47697
Stringency of the test: o:= 005 <setas desired
Exact F distribution for (a-1)(b-1)=1 vi=|(b-1)-pl +1
vo=ab(n-1)-p+1
C:=qF(1- a,vy.vy) C = 3.34389
[ab (n—-1)-p+1] Probability:
2 1- As\
[(b-1)—p] +1] As ) K = 4.25562 1 - pF(K,v1,vp) = 0.02475
2
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,
1=Reject Hy
Bartlett's test for Large N C:= qchisq[l —o,p(b- 1)] C = 7.81473
Decision Rule: Reject Hy if K > C:
ke Labm-1- p+1-(b-1) .|n(A ) Probability:
: 5 S K = 9.39755 1 — pchisq] K,p-(b — 1) ] = 0.02445
Decision := if(K > C,l,O) Decision=1 <0 =Do not reject H,

1=Reject Hy
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 312:

Note: use this only after determining no interaction effects above

- i.e. failure to reject H, for hypotheses involving Yij
For treatment A effect:

o = 0.05 < Set probability of Type 1 error

Note: According to jw Result 6.5,
Bonferroni simultaneous confidence
intervals apply to ALL variables
(=components of mean vectors)
simultaneously for ALL pairwise
comparisons across groups.

c=q{l-—— ab(n-1) ¢ = 267303
pa(a-1)

Differencein means between first & second populations:

Kk =

j P 2

ab(n-1) \bn)

Cllower = >(barAl - XbarA2 - CxK

For treatment B effect:

0.14849"
Kk = | 0.18125
0.90086 )

-0.98693 -0.19307 )
ci=| 002552 0.99448
-2.69803 2.11803 )

o = 0.05 < Set probability of Type 1 error

ci= q{l — 2% ab(n- 1)} Cc = 2.67303

pb(b-1)’

Differencein means between first & second populations:

Kk =

j P 2)

ab-(n- 1). a-n)

Cllower == >(barBl - XbarB2 - CxK

0.14849"
K = | 0.18125
0.90086 )

-0.78693 0.00693 )
ci = | -0.83448 0.13448
~3.39803 1.41803 )
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TWO-WAY UNIVARIATE ANOVA TABLE - fixed factors A & B:

Source of variation Sum of Squares

FACTOR A
SSA

1.7405)
=00y (Xpar, - xGM)2 SSA = | 1.3005
i 0.4205 )

FACTOR B
0.7605"

=12 (Xoap, - xGM)2 SSB - | 06125
i 4.9005 )

SSB

AB INTERACTION

SSAB := ”ZZ (Xbari’j = Xoarp, ~ XparB, + XGM)2
i

dfp

dfg

=a—-1

=b-1

Degrees of Freedom

dfp =1

dfg=1

0.0005"
ssAB - | 05445 dfag:=(a-1)(b-1) dfpag=1
ERROR 3.9605 )
SSE, =
K SSPEk,k
1.764
ssE - | 2608 dfg:=ab(n-1) dfg=16
64.924 )
TOTAL
SST = SPr_| 4.2655
’ SST=1 5085 . nab-1  dit=19
74.2055 )
Decomposition Model:
xi,j =ptot ﬁj + (QLB)Lj + & |
Restriction:
Zo =2 BJ- :Zj Vi :Eyi’j =0
Assumptions:
All populations Pl-Pg rs
g rs N(O, c2)
Population variances equal
Hypothesis testing:
Factor Interaction:
Ho:ally; =0 foralli&]j
H, : atleastoney;; <>0
ANOVA test statistics: Probability:
MSaB, 0.00454"
F = e F=| 3.31507 Prob := 1 - pF(F,dfag. dfg)
5 0.97603 )
Stringency of thetest: o := 005 <setas desired

Mean Squares

SSA
MSA = MSA =
dfp
SsB
MSg = — MSg =
dfg
MSaB = MSaB =
AB
SSE
MSg:=—— MSg=
dfe
0.94714"
Prob = | 0.0874
0.33789 )

1.7405
1.3005
0.4205 )

0.7605"
0.6125
4.9005 )

0.0005"
0.5445
3.9605 )

0.11025")
0.16425
4.05775 )
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If assumptions hold and H is true then:

C:= qF(l - a,deB,de) C=4494 NOTE: gF(1-a) is substituted here
for F(a) in the text.

Decision Rule: RejectHyif T>C
0)
Decision, := if(Fk > C,l,O) Decison=| 0 <0 =Do not reject H,
0) 1 = Reject H,
Factor A effect:
=0

Hy iaq =0, = ... 0

H, : atleast onea <>0

ANOVA test statistics:

Probability:
MSh 15.78685 0.00109
F = e X F=| 701781 Prob := 1 — pF(F, df p, dfg) Prob = | 0.01248
B 0.10363 0.75169 )

Stringency of the test.a. := 0.05 <setas desired

If assumptions hold and H is true then:

C:= qF(l - a,de,de) C =449 NOTE: gF(1-a) is substituted here
for F(a) in the text.

Decision Rule: RejectHyif T>C

1)
Decision := if(Fk > C,l,O) Decison=| 1  <0=Do not reject H,

k
0 1 =RejectH
Factor B effect: ) 0

Ho: By =P, =..5 =0

H, : at leastonef <>0

ANOVA test statistics:

6.89796 Probavility: 0.01833)
MSg : :
Fe= s kK F=| 372007 Prob := 1 - pF(F, dfg, dfg) Prob = | 0.07139
B 1.20769 ) 0.28805 )

Stringency of the test.a. := 0.05 <setas desired

If assumptions hold and H is true then:

C:= qF(l - a,de,de) C =449 NOTE: gF(1-a) is substituted here
for F(a) in the text.

Decision Rule: RejectH,if T>C
1)
Decision, := if(Fk > C,l,O) Decison=| 0 <0 =Do not reject H,
0) 1 = Reject H,
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Calculating Standardized Discriminant (canonical) Coefficients - Rencher p. 309

il £ sop 011025 000125 —0.19187)
= dfe a E Sy=| 000125 016425 -0.0345 < Pooled Within/Error variance
-0.19187 -0.0345 4.05775 )
For Interaction of Factors A & B:
H:= SSPaB
1 0-28683\ Canonical Correlations:
A= reverse(sort(eigenvals(E_ H))) A= 0 < Eigenvalues of E-1H p.
L o ) 304:305 ¥
£1:= eigenvec(E_ 'Ha7v1> < unit length eigenvector s: r, = r, = 047212
1 1
1+
K= 1 k = 2.23515 < scaling factor
’ T
€1 ~~pl'el
i 0.24403" 0.54544
€ = Kel ok == Splk,k g1 = 0.96205 e = 2.15032 < Scaled eigenvector e
0.12215 ) 0.27301 )
0.18111")
diag(\ﬁ))el =| 0.87148 < Standardized discriminant coefficients
0.54995 )
For Factor A:
H:= SSP
A 1.61877) _ _
A= reverse(sort(eigenvals(E_ L H))) A= 0 < Eigenvalues of E*H p. 304-305 Canonical Correlations:
. 1 o ) . . _ A1
g1 := eigenvecl E ~-H,Aq < unit length eigenvector s: r, = r, = 0.78622
1 1
1+
K= 1 Kk = 2.94966 < scaling factor
’ T
€1 ~vpl'el
i 0.88708 2.61658
& =K Ok = Sp'k,k e1=|-045904 e =|-135401 _ g ;eq eigenvector e
0.04869 ) 0.14362
0.86881
diag(\ﬁ))el =| -0.54875 < Standardized discriminant coefficients
0.2893 )
For Factor B:
H:= SSP,
B 0.91192)
A= reverse(sort(eigenvals(E_ ! H))) A= 0 < Eigenvalues of E1H p. 304-305 Canonical Correlations:
L 1 ) o ) . : . A
£1:= agenv&(E H’Q\’l < unit |ength e|genVeCt0r €. rl — 1 rl - 0.69063
1+
K= 1 Kk = 2.85297 < scaling factor
’ T
€1 ~vpl'el
» 0.88756 ) 253217
€ = Kel ok == Splk,k g1 = 0.45061 e = 1.28559 < Scaled eigenvector e
0.09586 ) 0.27349 )
0.84078)

diagly/$) e, = | 052102
0.55091 )

< Standardized discriminant coefficients
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ORIGIN =1

Prepared by:

HOTELLING'S T2 PROFILE ANALYSIS FOR TWO GROUPS Wm Stein

jw 318.mcd

Example using Table 6.5 & 6.6 jw p. 323-324

Reading in Data:

Repeated measurement of Calcium at 4 yearly time intervals

X1 := READPRN("\DATA\T6-5.DAT" )
X5 := READPRN("\DATA\T6-6.DAT" ) 1121314 ol B e
2= &6 1]87.3]86.9(86.7|75.5 1]83.8]855|86.2|81.2
Summary statistics of the sample: 2| 59|60.2| 60|53.6 21653]66.9| 67]|606
0= 4 3[76.7]76.5[75.7] 695 3|81.2|795|845]75.2
; 4706|761|721|653 4754|767 743 66.7
n, = rows(X1) n,=15 5(549(551|57.2| 49 5|55.3|58.3|59.1|54.2
n,:= rows(Xz) n, =16 6|782|753|69.1|67.6 6 [ 70.3| 72.3| 70.6 | 68.6
o _| 7| 737]708] 71.8] 7456 7|765|79.9|80.4 716
i=1.n, j=1.n, ki=1.p 1 I8 le18l687|682|574| X2=[8| 66]|709(703[641
e 1 =1 91853(84.4|79.2 67 91767 79|76.9(70.3
m i 10[82.3[86.9(79.4[ 77.4 10]77.2] 74|778|679
= identity(nl) Il = identity(nz) 11| 68.6(65.4 | 72.3|60.8 11{67.3( 70.7 | 68.9 | 65.9
12| 67.8] 69.2| 66.3]57.9 12| 50.3|51.4|53.6| 48
oo o LT 13| 66.2] 67| 67]56.2 13| 57.7| 57|57.5|515
bar, = n, 1on 14| 81|823|86.8|73.9 14| 743|77.7| 726| 68
1T 15| 72.3| 74.6 | 75.3 ] 66.1 15| 74| 74.7| 745|657
Xpar, = =X -lin 16(57.3| 56|64.7] 53
)
S - 1 o 1, IT\ X1 72.38 ) 92.119 86.111 73.362 74.589)
‘_ X1 =gl
n -1 n « 73.293‘ S 86.111 89.076 72.956 71.773‘
. . bat, = | 70,473 17| 73362 72.956 71.891 63592
Spi= 1-sz-(n ——-||n-||nT\-x2 64.787 ) 74589 71.773 63592 75.444 )
n,— n
2 2 )
69.287 98.174 97.013 89.482 86.111)
(nl— 1).51+(n2_ 1).52 Koo 70.656‘ 5 97.013 100.596 88.142 88.209‘
Spooled = (n P 2 | 71181 89.482 88.142 86.35 80.551
12 64.531 ) 86.111 88.209 80.551 81.416)
ny n,
XGM = ﬁ'xbafﬁ —— Xer, 70.784) 95.251 9175 8L7 80.549)
( 1 2) ( 2) « 71.932‘ 91.75 95.035 80.811 80.275
GM = | 71,806 Spooled = | g1 7 0811 79360 72.364
64.655 ) 80.549 80.275 72.364 78.533)

Specify Contrast Matrix C:
-1 1 0 0)
C=|{0 -110
0 0 -11)

Testing orthogonality of the rows in C:

.
cc-c oc? od? - (a1
T
oc? .ed® - (o) ;\
T < products are NOT all zero!! Var :=
cc? e - () 3
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74

Var

Linear combinations of mean difference vector (X, ,,1-Xp5,2) @nd variance-covariance matrix Spooled with C:

~0.455") 6.78592 -4.17426 0.61525 )
c-(xbarl— Xpar ) = | ~1.345 c-spoo.ed-cTz ~4.17426 12.78255 —6.46952
-1.037) 0.61525 -6.46952 13.17508 )

Testfor PARALLEL Profiles - jw Equation 6-62 p. 319

Hotelling's T2 statistic:

Teg = [C-(Xbar — Xpar || [ = i\(c cT)_lcx - X
SQ._|: ( bar, ~ barz)] '|:(n1 + n2}. -Spooled: } I: ( bar, barz)} Tog - (5387)

Hpi @ Cuy = Cpy Assumption: Observations in both populations: X [X;,X,, ..., Xp] rs Np(u,Z)
Hipt Cy <> Cpy
Stringency of the test: o:=005 <setasdesired

If assumptions hold and H is true then:

(n1+ n2—2)-(p— 1) _
c:= -qF(l —a,p-1n +n,- p) _ 9539 NOTE: gF(1-a) is substituted here
(nl +n, - p) =29 for F(a) in the text.

Decision Rule: Reject Hyif T>c

<jw eq. 6-62 p. 319

Decision := if(TSq > c,l,O) Decison=0 <0 =Do not reject Hy, = Parallel Profiles
1
1 =Reject H,
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Testfor COINCIDENT Profiles - jw Equation 6-63 p. 319 - Only applicable when Profiles are Parallel

Hotelling's T2 statistic:  i:=1.p Ny =1
|
-1
T 1 1) ( T )
Tsg:=lllp '(Xbarl— Xbarz)'|:(n— + n—)- Iy - Spooled ! .[|||n-(xbarl_ Xbafzﬂ To - (031)
1 2

Hpo i L'py =1'p, Assumption: Observations in both populations: X [X;,X,, ..., Xp] rs Np(p.,}:)

Hip,: l'py <1y,
Stringency of the test: o:=005 <setasdesired

If assumptions hold and H is true then:
<jw eq. 6-62 p. 319

NOTE: gF(1-a) is substituted here

= qF(l—oc,l,n1+ n2—2) |
for F(a) in the text.

c=4.183

Decision Rule: Reject Hyif T>c

Decision := if(Tqu > c,l,O) Decison= 0 <0 =Do not reject H, = Coincident Profiles
1
1 =Reject H,

Testfor LEVEL Profiles - jw Equation 6-63 p. 319 - Only applicable when Profiles are Parallel & Coincident

X:= stack(X1,X2)  N:=n +n, i=1.N Ig:=1 Ig := identity(N)
|
1
Xg:= —-XT-|B
N 70.784) 94.544 90.796 80.008 78.068)
1 T 1 T 71.932 90.796 93.662 78.996 77.773
S=—X"|Ilg-—'1glg |"X X = S=
N-1 ) 71.806 80.008 78.996 77.155 70.037
64.655 ) 78.068 77.773 70.037 75.932)

Hotelling's Test statisticqu:

Teg= N-(C-XGM)T-(C-SCT)~(C-XGM) Teg = (20250.39)
Hpz: Cu=0 Assumption: All Observations X [X;,X,, ..., Xp] rs Np(p.,}:)

Hi3:Cu; <>0

Stringency of the test: o:=005 <setasdesired

If assumptions hold and H is true then:
<jw eq. 6-62 p. 319

Ci= w.qp(l —a,p-1,N-p+ 1) _ 9471 NOTE: gF(1-a) is substituted here
(N-p+1) c=2 for F(a) in the text.

Decision Rule: Reject Hyif T>c

Decision := if(TSq > c,l,O) Decison=1 <0 =Do not reject H, = Level Profiles
1
1 =Reject H,
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- 'S T2
ORIGIN = 1 HOTELLING'S T PROFII__E ANALYSIS FOR TWO GROUPS Prepared by:
jw 318A.mcd Wm Stein
Verifying calculations in jw Example 6.12 p. 320 - Love & Marriage Survey data
L Four question variables:
Only Summary Results Given: X1 & x2 on a8 point scale
x3 & x4 on a5 point scale
were given to 30 wives & 30 husbands
6.833 )
7033 <mean vector for husbands
Xpar, = } —
17 | 3967 n, =30 606 .262 .066 .161)
4_700) .262 .637 .173 .143
Spooled =
.066 .173 .810 .029 1\
6.633 ) )
2000 <mean vector for wives 161 143 029 .306 Var 2
Xbar, = | 4 000 BE
' n,:= 30 Spooled = [(n1-1)S;+(n,-1)S,]/(n4+Nn,-2) 4)
4533)
p:=4
7.5 T
Xbar1
Xbar2
35 | | | | |
1 15 2 25 3 35 4
Var
Specify Contrast Matrix C: Testing orthogonality of the rows in C:
-1 1 0 0)
T ST L
C=|/0 -110 CC=C CC™ .CC™ =(-1)
0 0 -11 T
) e _ (o)

3 < products are NOT all zero!!
CC” -CC™ =(-1)
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Linear combinations of mean difference vector (X,,,-X,,,) and variance-covariance matrix S, 4 With C:

-0.167") 0.719 -0.268 -0.125)
C(Xear, ~ Xoar,) = | ~0.066 C-SpooledC' = | -0.268 1101 —-0.751
02 ) -0.125 -0.751 1.058 )

Testfor PARALLEL Profiles - jw Equation 6-62 p. 319

Hotelling's T2 statistic:

1
Toqi= [c.(xbarl - xbarz)]T,Kni N nij(c Spool ed'CT)} .[c.(xbarl - Xbarz)] Teg = (1005)

1 2

Hpp : Cuy =Cpy Assumption: Observations in both populations: X [X;,X,, ..., Xp] rs Np(p,,Z)
Hip o Cpy <> Cpy
Stringency of the test: a:=005 <setas desired

If assumptions hold and Hy is true then:
(nl+ n, - 2)~(p - 1)
(n1+ n, - p)

Decision Rule: RejectH,if T>c

<jw eq. 6-62 p. 319

NOTE: gF(1-a) is substituted here
for F(a) in the text.

Cc:= -qF(l—a,p—l,nl+ nz—p) c= 8605

Decision := if(qu > c,l,O) Decison=0 <0 =Do not reject Hy, = Parallel Profiles
1
1=Reject H,

Testfor COINCIDENT Profiles - jw Equation 6-63 p. 319 - Only applicable when Profiles are Parallel

Hotelling's T2 statistic:  i:=1.p In =1
|
-1
T 1 1) ( T )
1 2

Hpo : L'y =1'p, Assumption: Observations in both populations: X [X;,X,, ..., Xp] rs Np(p,,Z)
Hipt Ty <> 1

Stringency of the test: a:=005 <setas desired

If assumptions hold and Hy is true then:
<jw eq. 6-62 p. 319

NOTE: gF(1-a) is substituted here

c=0F1-a,1,n,+n,—-2 B
( 12 ) ¢ =4.007 for F(a) in the text.

Decision Rule: RejectH,if T>c

Decision := if(TSq > c,l,O) Decison= 0 <0 =Do not reject H, = Coincident Profiles
1
1 =Reject H,
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HOTELLING'S T2 PROFILE ANALYSIS FOR TWO GROUPS
jw 318b.mcd

ORIGIN = 1 Prepared by:

Wm Stein
Verifying calculations using Table 5.1 in Rencher 4th ed. p. 141, 163-165

Observation of 4 psychological variables for 2 groups (males, females) with

Reading in Data: 19 individuals in each group.

Y := READPRN("\DATA\PSYCH.DAT" )

X1 := submatrix(Y,1,32,2,5)
X5 := submatrix(Y,33,64,2,5 1123 ]4 1123 ]4
2:= submatrix(Y, 33,64,2.5) 1[15[17 |24 14 1[13]14[12]21
Summary statistics of the sample: 2|17|15|32| 26 2|14|12| 14|26
o4 3[15[14(29] 23 3|12[19]21]21
' 4]13]12]10] 16 4]12[13]10] 16
n, = rows(Xy) ny =32 5| 20|17 26] 28 5|11]20]16] 16
n, = rows(X) n, - 32 6|15[21]26(21 6|12| 9[14]18
715 13] 2622 710 13] 18] 24
X1= X2=
i=1.n j=1.n, ki=1.p 8|13 22|22 8|10 81323
9|14 3017 9|12[20(19]23
|n_ = 1 ”n = 1
. j 1017|1530 27 10{ 11|10 1127
| = identity(nl) Il = identity(nz) 11{17( 17|26 20 11{12[ 18] 25|25
12[17] 20| 28] 24 12| 14|18 13] 26
1.7 13 15[ 15[ 29 24 13 14[10[ 25 28
Xpar, = —-X1 ‘In
1on, 14| 181932 28 14 13| 16| 8|14
15[ 18] 1831 27 15[ 14| 8[13|25
1071
Xpar, == —-X2 llp
2 n2
1 . 1 - 15.969 ) 5193 4545 6522 525 )
Sp= X = et WX 15.906 4545 13184 676 6.266
1 1 ) Xbar, = S1=
1 | 27.188 6522 6.76 28.673 14.468
1
S _XZT(”___”n_”nT\_XZ 22.75 ) 525 6.266 14.468 16.645 )
n, — n
2 2 ) 12.344) 9.136 7.549 4.864 4.151)
18 1S, « 13.906‘ 5, 7549 18.604 10.225 5.446 ‘
n, — . + (N, — . = =
Spooled = ( 1 ) ( 2 ) bar, = | 16.656 4864 10.225 30.039 13.494
(n+ - 2) 21.938 ) 4151 5446 13494 27.996 )
n n
1 14.156 7164 6.047 5693 4.701
XeM = 7 Xpar, + 7 Xbar ) )
(ngrmy) T (myEny) R 14.906 6.047 15894 8492 5.856
XeMm = Spooled=
21.922 5693 8492 29.356 13.981
Specify Contrast Matrix C: 22.344 ) 4701 5.856 13.981 22.321)
11 0 O\ Testing orthogonality of the rows in C:
C=/0 -1 10 cC - CT CC<1>T CC<2>_ L 1\
00 -11) CC™ =(-1) )
W7 @ Var - ‘
cc T'CC =(0) < products are NOT all zero!! 3
oc? ¥ () 4)
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30

10
1 15 2 2.5 3 35 4

Var

Linear combinations of mean difference vector (X, ,,1-Xp5,2) @nd variance-covariance matrix Spooled with C:

-1.625 10.96371 -7.04738 -1.64415
c-(xb(—,\rl—xbar2 -| 8531 c-spoc,.ed-cT: ~7.04738 28.26562 —12.73891
-9.719) ~1.64415 -12.73891 2371522 )

Testfor PARALLEL Profiles - jw Equation 6-62 p. 319

Hotelling's T2 statistic:

Teg = [C-(Xbar — Xpar || [ = i\(c cT)_lcx - X
SQ._|: ( bar, ~ barz)] '|:(n1 + n2}. -Spooled: } I: ( bar, barz)} Tog— (74.24)

Hpi @ Cuy = Cpy Assumption: Observations in both populations: X [X;,X,, ..., Xp] rs Np(u,Z)
Hipt Cy <> Cpy

Stringency of the test: o:=005 <setasdesired

If assumptions hold and H is true then:

n,+n,-2)(p-1)
C:= ( 1zn12+ ”2)— p) ~qF(1—a,p—1,nl+n

Decision Rule: Reject Hyif T>c

<jw eq. 6-62 p. 319

NOTE: gF(1-a) is substituted here
for F(a) in the text.

2_p) =855

Decision := if(TSq > c,l,O) Decison=1 <0 =Do not reject Hy, = Parallel Profiles
1
1 =Reject H,
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Testfor COINCIDENT Profiles - jw Equation 6-63 p. 319 - Usually applicable when Profiles are Parallel

Hotelling's T2 statistic:  i:=1.p Ny =1
|
-1
T 1 1\( T )
Ty =l (X -X A —+ ="y - gl A M (X -X
s n ( bar, bar2) |:(n1 ") n -Spooled-!ln [ n( bar, barz)} Toy = (28.044)

Hpo i L'py =1'p, Assumption: Observations in both populations: X [X;,X,, ..., Xp] rs Np(p.,}:)
Hip,: l'py <1y,
Stringency of the test: o:=005 <setasdesired

If assumptions hold and H is true then:
<jw eq. 6-62 p. 319

c=0gF1-0a,l,n, +n,—2 a NOTE: gF(1-a) is substituted here
( 1 2 ) ¢c=39% for F(a) in the text.

Decision Rule: Reject Hyif T>c

Decision := if(Tqu > c,l,O) Decison=1 <0 =Do not reject H, = Coincident Profiles
1
1 =Reject H,

Testfor LEVEL Profiles - jw Equation 6-63 p. 319 - Only applicable when Profiles are Parallel & Coincident

X:= stack(X1,X2)  N:=n +n, i=1.N Ig:=1 Ig := identity(N)
|
1
Xg:= —-XT-|B
N 14.156 10.388 7.793 15298 5374 )
1 1 14.906 7.793 16.658 13.707 6.176
S |B——-|B-|Bﬂ.x Xg = S=
N-1 ) 21.922 15.298 13.707 57.057 15.932
22.344 ) 5374 6.176 15932 22.134)

Hotelling's Test statisticqu:

1
Tq= N(cxg) (cscT) " (cxp)
Teq = (256.362)

Hpz: Cu=0 Assumption: All Observations X [X;,X,, ..., Xp] rs Np(p.,}:)
Hi3:Cu; <>0
Stringency of the test: o:=005 <setasdesired

If assumptions hold and H is true then:
<jw eq. 6-62 p. 319

Ci= w.qp(l —a,p-1,N-p+ 1) _ 8537 NOTE: gF(1-a) is substituted here
(N-p+1) c=¢ for F(a) in the text.

Decision Rule: Reject Hyif T>c

Decision := if(Tqu > c,l,O) Decison=1 <0 =Do not reject H, = Level Profiles
1
1 =Reject H,
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ORIGIN=1 CONVERSION TO HOTELLING'S T2 FROM TYPICAL COMPUTER OUTPUT OF MANOVA Prepared by:

Lizard Mass & SVL Original datatransformed to natural logs jw Table 6.7 p. 330

Wm Stein

Reading the Data:

1

2

2.63268

4.34381

1.65556

412713

3.61982

4.68213

3.73244

4.74493

3.46558

4.66344

1.37675

4.02535

1.47408

4.10264

1.11449

3.95124

Ol N|o|o| | W[ DN|F

1.5765

4.09434

[EEY
o

1.87564

4.15888

[N
[EEN

3.11839

4.56435

[EEY
N

2.59092

4.37576

[EEN
w

1.41318

4.01638

[EEY
N

2.51519

4.31749

[EEN
o1

1.96291

4.16667

[EEY
(2]

3.04818

447164

[EEN
~

3.76094

4.69135

[EEY
(ee]

3.30325

4.56435

[EEY
[(e]

3.66102

4.70953

N
o

2.983

4.43675

1 2
X1 := READPRN("\DATA\T6-7Clogs.ixt" ) p:= cols(X1) 1501663 430207
X2 := READPRN("\DATA\T6-7Slogs txt" ) 9:=2 2 | 1.61582] 4.24133
3| 1.76934| 4.27667
Summary statistics of the sample: 4 | 2.40586| 4.38203
20) 5| 0.88335| 4.02535
nyi=ronsXy) - nyi= rows(Xp) = (40 ) 6 | 2.6108] 4.54329
Mean Vectors & Variance-Covariance matrices: 7 2.904 | 4.55913
i=1.n ii=1.n, j:=1.p 8 | 2.82328| 4.60016
| 1 |~ idenit 9 | 2.76695| 4.57471
= = laent n
n y( 1) X1 =|10] 2.83527| 4.50535
;=1 Il := identity(n, 11[ 2.80493| 451086
1 12| 1.51072 | 4.20469
Xpar. = — X1 -In 2.23992)
17 4 bar. = 13| 1.97824| 4.31749
1 1 (439443 )
14| 1.64866 | 4.24133
Xper, LT, _ (2.36814) 15| 2.59898 | 4.51634
n, bar, = | 4 30809 ) 16| 2.64476 | 4.51086
012822 17| 2.68546 | 4.49981
d:= Xbar, — Xbar, d= 0.08634 18| 1.80698 | 4.29046
L L \ ' 19| 1.66089 | 4.24133
S = 1-><1T~[|—n—~|n-|nT X1 g _ [ 938 0.0942) 20| 2.82743 4.54329
1 1 1 100942 0026 )
1 1
S, = 1.x2T.[|| __.||n.||nT\.x2 _ (050684 0.14539
i N2 ) 2"~ 0.14539 0.04255 )
Total Sample size:
N := n +n, N = 60
Grand Mean:
m:=1.9
1 2.3254
X = — n_-X X =
barem = 1 D (T X, barGM [4.33687 )
m
Residual/Error/Within Matrix W:
m:=1.9
W= Z (”m‘ 1)'Sm W 26.47486 7.45949 )
- 7.45949 21527 )

Treatment Matrix B:

m:

I
[N
«

1 0.21921 -0.1476)
B = (Xpar — X (Xpar — X B=
2 " (Xoar,, ~ Xbarm ) (Xoar,, ~ Xnarcm) (—0.1476 0.09938
m

N
[y

2.68553

4.38203

N
N

1.56653

412713

N
w

1.61343

4.11904

N
i

1.6525

412713

N
(&)

1.73871

4.15888

N
(]

1.91147

4.14313

N
~

2.30028

4.26268

N
o

2.17827

4.24133

N
©

2.25055

4.21213

w
o

2.05553

4.18965

w
-

1.89987

4.16667

w
N

2.48324

4.36945

w
w

2.80457

4.43082

w
S

2.61227

4.39445

w
(&

2.6174

4.4128

w
(0]

2.33699

4.30407

w
~

2.06686

4.22683

w
(e¢]

2.2086

4.2485

w
©

2.58143

4.35028

N
o

2.28105

4.2485
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Conversion Table for deriving Hotelling's T2 from typical computer output of MANOVA

Wilk's Lambda Test Statistic:

__w
7 |w+ B
Toy = (n1+ n2—2)~ A

Lawley-Hotelling Trace:

LHtr := tr(B~W_ 1)

Toy = (n1+ n,- 2)~LHtr

Pillai trace:

Ptr == tr[B~(B +W) 1]

Ptr
1-Ptr

Toy = (n1+ n,- 2)~

Ag = 0.20266

Tgq = 228.18983

LHtr = 3.93431

Tgq = 228.18983

Ptr = 0.79734

Tgq = 228.18983

from: A. C. Rencher 1995.
Methods of Multivariate Analysis.
Wiley Interscience, NY. p. 147.

Note that the value of T2 reported here corresponds to the T2 value calculated in the TWO

POPULATIONS case with small sample sizes and hypothesized equal X's.

In this case, the variance-covariance matrix is pooled and T2 is calculated from it. (seejw283.mcd)

Calculating Pooled Variance-Covariance matrix (jw Eq 6-21):

s, ("= 2)Sp+ (7 - 1)S, (0.46 0.13)
ooled = ooled =
(nl+ n, - 2) 0.13 0.04)
Hotelling's T2 statistic (jw Eq. 6-23):
0) < Set different value for §,
0= 0) if a test off zero vector is desired.

Teq = (228.18983)

N Ny)

Togi= (d- so)T-Hi . i\spooled] (0= 50

PS: I couldn't get the conversion of Roy's largest root (also reported by
Rencher 1995) to work. Someday, | may look into this statistic in more
detail, but one hardly needs it.



2005 jw294 Prepar ed by:
Wm Stein
ORIGIN = 1 COMPARING ANOVA AND REGRESSION
One-Way Case - jw2%4.mcd
Example 6.6 p. 294. Threeindependent samplesare tested for differencesin treatment effect:
Sampleone: Sampletwo: Samplethree:
9 3
) 0 )
Pl.=|6 P2 .= 2) P3:=|1
9) 2)
my := rows(P1) my := rows(P2) m3 := rows(P3)
j1=1.m jo=1..my j3==1..m3
Calaulating sample means:
P:= stack(P1, stack(P2, P3)) < P = Vector of all values
n:= rows(P) n=38 < n = total number of observations
i=1.n g:=3 < g=numbe of independent samples
Xpar := 1 P. Xpar = 4 M. := X
bar -= n'z i bar = i = "bar <M = Vector of overall mean
i
Plpgr := L. P1j Plhgr = 8 PBlJ. = Plpgr <PB;'s= Vectorsof meansfor each sample
mj 4« 1 1
1
1
P2pgri= —") P2. P2har=1 PB2. = P2py
mo - I2 12
I2
P3par := = P3 P3par = 2 PB3. = P3
bar -= mg 4 is bar = i3 bar 8\
I3 8
PB := stack(PB1, stack(PB2,PB3)) <PB = Singlevector of sample means 8
1
TE:=PB-M <TE = Vector of treatment effect PB = X
RES:= P- PB <RES = Vector of residua 2
2
ANOVA model decomposition: 2)
9) 4\ 41 1) 9)
6 4 4 -2 6
< Decomposition
9 4 1 9 verified p. 295
0 4 -3 -1 0
2 4 -3 1 2
3 4 -2 1 3
1 4 -2 -1 1
2) 4) -2) 0) 2)
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ANOVA Table:
Source ss of MS
SSt
Treatments.  SSy:= (TET-TE>1 SSy=78  diy=g-1 diy=2 MSy = Tr
tr
. ) ( T ) SSres
Regdual- SSres = RES RES 1 SSI'ES: 10 dfres =nNn- g dfres: 5 MSres =
(Error) dfres
SS
. T cor
Total: SScor = [(P— M) -(P- M)]l SScor=88  dfcor:=n-1 dfcor=7 MScor := T
cor
<ANOVA tableverified p. 319
Model:
Pij = pt T tg;
Hy ty=1,=13=0
Hi notallt'sare0
Test:
o= 001 < Set probability level
Relevant Statistics:
MSir i
- F=195 qF(1 - o, dfyr, dfres) = 13.274 <F & gF verified p. 298
MSres
Decision Rule
Rgect Hyif F > gF
NOW TREATING THE SAME PROBLEM ASA REGRESSION. Example7.2 p. 357.
9) 110 0)
Y:=P
6 1100
9 1100 8 3 2 3)
0 1010 T 3300
Y = Z:= 7 -Z=
2 1010 2020
3 1001 300 3)
1 1001
2) 100 1) " Notethat first column of (ZT7Z) isalinear
combination of the other columns
Calcaulating By, the normal way:
T )t T
Bhat := (Z -Z) -ZY rank(z -Z) =3 < (Z72) isnot of full rank - must use generalized inverse

~ won't work because (ZT7Z) isnot of full rank
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Calcaulating the generalized inverse (ZZ ) - Footnote p. 358 & Exercise 7.6:

r= rank(ZTZ) -1

r=2 k=1.r+1
. T
A= reverse(sort(agenvals(z Z))) 10.772 \ 0.861 0 0.096 \
W ec(zT - ) N 3 0.332 -0.707 -0.374
e = eigenv Z, =
g k 2.228 0196 0 0844
1726x 107 °) \0332 0707 -0374)
0.073 001 0.052 0.01 \\
—1 4 QT 001 024 -0.135 —0.094}
ZZ = A e -e ZZm =
m Z( J M| 0052 -0135 0323 -0.135
k
001 -0.094 -0135 0.24 )
Verifying the generalized inverse
8 3 2 3) 8 3 2 3)
< According tothe definition of generalized
3300 300 . . . .
ZT.z = } (ZT-Z)-ZZm.(ZTZ) = } inverse given in Exercise 7.6 p. 418, these
2020 020 two matricesshould bethe same...
300 3) 00 3)
Back to theregression:
T 2;2\ o W :\
Phat = ZZmZ -Y Phat = 175 ‘ BZsope:= Z ﬁhatk'Z
0'75 ) k=2 ’
Yhat = Z-Bhat ' Yhat = 1
Bo, = Phat, 1
eha =Y — Yha 2
2
Y par := mean(Y) 2)
Regr ession model decomposition:
9) 2.75) 5.25 1 ) 9)
6 275 5.25 -2 6
9 2.75 5.25 1 9
v 5 2.75 5z -1.75 -1 5+ 2 0
> 0 275 slope 175 hat 1 0 slope hat 2
3 2.75 -0.75 1 3
1 2.75 -0.75 -1 1
2) 2.75) -0.75) _1776x 107 °) 2)
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Regression sums of squares.
Totdgs:= Y'-Y = n-Ypar
. 2
Regressiongs:= Yhat'Yhat — N Ybar
T
Errorss:= eha -€hat

Regressiongg
Rygi=—
= Total g

ANOVA for theregression:

Sour ce

Regression: SSyey = Regressiongs

Residual: SSies:= Errorgg

(Error) 1

Total: SStot = Totdlss
Model:

Yi =Bt B1zytPoz,tBazs g
Ho B1=B,=B3=0

Hi: B, By, B3 (slopes) arenat all 0

Test:
a = 0.01

Relevant Statistics:

MS
Fr= —9

= F=195
MSres

Decision Rule

Rgect Hyif F > gF

Total = (88)

Regressiongg = 78

Errorgg = (10)

Rsq = (0.886)

SSreg = 78

SSres = 10

SStot = 88

< Set probability level

< Coefficient of Deter mination R2

dfreg .

dfres .

dftot .

df

g—l dfreg:2

n—g dfreS:5

n-1 dftOt:7

qF(1 - o, dfreg, dfres) = 13.274

MS
M =
Sreg dfreg
SSI'ES
M =
Sres o
SSiot
MScor = ——
SCOI' d ftot
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Relationship between the ANOV A & Regression models:

ANOVA:
Pij = “,+ Ti +8ij
or
Pij - - =1
5) 1) )
-2
1 < Solving for treatment effects (r,)
of mean-centered data (P;; -
. 1 3 Fij-w
P-M= RES = TE =
-2 1 -3
-1 1 -2
-3 -1 -2
-2) o) -2)
Regression:

Yi = Bo + P1Z1tBozotPsZs te
or

Yi- b= Byt P1ZytPoztBaZs- p
or

Yi-pu-g=pp+ stlope' n

5 1) \
-2
1 4 < Regression componentsfor
1 mean-center ed data (Y, - p)
4 - -3
YoM = cpar — + 87 M= equal ANOVA treatment
» hat 1 Bo+ BZslope -3 effects (1)
-1 1 -2
-3 -1 -2
-2) _1776x 107 °) -2)
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ORIGIN = 1 JW368mcd

Real estate data gathered from 20 homes in a Milwaukee, Wisconsin neighbor hood:
z, = Total dwellingsize (100 ft?)
z, = Assessed value ($ 1000)
Y = Selling price ($ 1000).
In thisstudy, Y represents the single dependent variable to be predicted by the z's.
Read indatafrom JW Table7.1, p. 368:

1 1531 57.3)
M := READPRN("DATA\t7-1.DAT") 1 152 638
n:= rows(M) n=20 1 1625 654
Constructingvariables: 1 1433 57
- Dependent variable (Y) isthethird data column of M: 1 1457 638
v M<3> 1 17.33 63.2
o - _ 1 14.48 602
- Matrix (2) consisting in independent variables
and first column of 1's: 11491 517
C1n -1 1 1525 56.4
S o 1 1389 556
Z:= augment(augment(l,M<1>>,M<2>) Z= 1 1518 626
r-=cols(Z) -1 r=2 1 1444 634
Calaulating least-squar es estimator : 1 1487 €02
(using jw Result 7.1 p. 358) 1 18.63 67.2
- Least squar es estimate of coeffidents [= By, ,]: 1 152 571
1 25.76 89.6
Ty ir
Bhat = (z -z) ZY 30.967) 1 19.05 68.6
_ 1 1537 60.1
- Fitted values of Y [= Yp: Bhat = | 2634
0.045 ) 1 18.06 66.3
Yhat = Z-Bhat B 1 1635 658)
"Valuesof B, verified
- Residuals[= epsilony 4l jw p. 369
ehat:=Y — Yha
Sums of Squaresdecompasition jw p. 360
- Total sum of squares about mean:
Ypar = mean(Y) Ypg = 76.55
Totdgs:= Y'-Y - n-Ypar Total s = (1237.87)
- Regression sum of squares:
Regressionss = Yhat' -Yhat — N Ybar® Regressiongs = (1032.875)
- Residual (error) sum of squares:
Errorgg:= T
ss°= €hat “Ehat Errorss = (204.995)
- Verify that Totalg = Regressiong + Residual
Total g = (1237.87) Regressiongg + Errorgg = (1237.87)

€hat =

1531
15.2
16.25
14.33
14.57
17.33
14.48
14.91
15.25
13.89
15.18
14.44
14.87
18.63
15.2
25.76
19.05
15.37
18.06
16.35

57.3
63.8
65.4
57
63.8
63.2
60.2
57.7
56.4
55.6
62.6
63.4
60.2
67.2
57.1
89.6
68.6
60.1
66.3
65.8

0.912
0.108
-3.831
~1.293
2.668
~3.476
0.167
0.647
0.81
3.429
-2.285
-0.872
6.04
3418
-5.589
-0.877
-0.251
-5.173
6.46
-1.012 )

748\  Prepared by:

74 Wm Stein
72.9
70
74.9 748)
76 “
- 72.9
735 70
745 74.9
735 7
715 72
- 735
78.9 745
86.5 Y = 735
63 715
102 &
" 78.9
69 86.5
88 68
7 ) 102
84
69
83
76 )
73.888
73.892
76.731
71.293
72.232
79.476
71.833
72.853
73.69
70.071
Yhet = | 23 785
71.872
72.86
83.082
73.589
102.877
84.251
74173
81.54
77.012 )
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Calculating coefficient of deter mination [= R?]
and Multiple Corrdation Coeffient [R] jw Eq. 7-9, p. 361:

Errorgg
Rgq = 0.834 R:= ,/qu R=0.913
Total ss;

Rw.zl—

Sampling distribution of least-squar esestimate of B (i.e. B,
Calculating 2 wher e the expected value of 2 = 2 (JW Result 7.2 p. 363)

[ Erorss ) _ _
S = (n—r—l}l Sgq = 12.059 5% = 3473

Expected mean of B, . Expected variance/covariance of B

30.967")

. 62.12921
Bhat = | 2.634 SZ = ssq~(ZT~Z) sz =| 3.06804
0.045 )

-1.76476
7.882))

_ < Standard erors
j=1.c08(2)  SE= [SZ;, SE=|0786 \rifiedjwp. 369

0.285 )

The multivariate confidence ellipsoid (jw Result 7.5 p. 367):
-1
72.-(77.2)

A = eigenvas(ZZ2)

< sverified jw p. 369

3.06804 -1.76476
0.61717 -0.2074
-0.2074 0.08133 )

5169 ) 099836 -0.05526 0.01515)
ev = eigenvecs(ZZ) A= 0041 | ev=| 004973 0.96695 0.25007
— O -0.02847 -0.24891 0.96811
k@) -1 r=2 1163x 10 °) )
n:= rows(M) n=20 Eigenvector s (ev) columns give dir ections of
the multivariate confidence ellipsoid
p := cols(M) p=3
o = 0.05 < Select probability of Typel eror
C::\/(r+ 1)-sqgaFll-a,r+1,n-r-1) C=10.754
< Confidence ellipsoid constructed
) . Y
i—1.p L= C-\/Ti inanalogy with that for T2intervals

eg.jw5-19p. 221

Multivariate simultaneous confidence dlipsoid:

30.967") 24.45)
Bhat = | 2.634 < Center of ellipsoid L=|2179 <L arehaf-lengthsof the axesof the
0.045 ) 0.037) confidence ellipsoid for B, inthe

directionsof ev
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Simultaneous confidenceintervals (jw Result 7.5 p. 367):

62.12921)
varBpa = SZi i varfpa = | 0.61717
| >
0.08133
Cliower = Bhat — y/VarBhay/ (r + 1)-qF(1 - o,r + L,n - r - 1) <jwresult 7.5 p. 367

Clypper = Bhat + \/varBhat-\/(rJr 1)-gF(1-a,r+1,n-r-1)

Cl = augment(Cl lower; Cl Uppef)

30.967") 6.557 55.376)
Bhat =| 2.634 < Mean values Cl=| 0202 5.067 < Simultaneous confidenceintervals
0.045 ) -0.838 0.928 )

Confidenceintervalsbased on jw eg. 7-14 p. 368:

Cliower == Bhat — qt(l - %,n . 1)‘\/Varﬁhat
a )
Clupper = Bhat + qt(l - E,n -r- 1)-,/varﬁhat

Cl:= augment(CI lower» Cl UPpef)

30967 14.337 47597\
Bhat = | 2.634 < Mean values Cl=| 0977 4292  <'Bonferroni'intervals| guess, but
0.045 ) ~0.556 0.647 ) not stated as suchinjw

AN Third row CI verified jw p. 370
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ANOVA ASA REGRESSION Prepared by:

ORIGIN = 1 Two-Way Case - jw372.mcd Wm Stein

Example 7.5 p. 372. Male and female patronsrated the servicein three establishments
(locations) of a lar ge restraurant chain. The service ratingswer e converted into an index.
Note the unbalanced design - Not possiblewth a standard two-way ANOVA!

Independent dummy variables:
3 locations - cols2-4

2 genders - cols5-6

Reading data from separate disk files: inter actions - cols 7-12

Single dependent response variable
M := READPRN("DATA\t7-2.DAT" )

15.2)) 11001010000 0)
Y := submatrix(M, 1, 18,3, 3) 21.2 110010100000
Z = READPRN("DATA\jw398z.txt" ) 213 110010100000
21.2 110010100000
Calcaulating By, ;; the normal way: 212 110010100000
T_lT ) 36.4 110001010000
B= (Z -Z) .Z'.Y < (Z7Z)isnot of full rank
must use generalized inver se 92.4 110001010000
Calaulating the generalized inverse (ZZ ,): 213 101010001000
15.2 101010001000
, (T) . Y = Z=
r=rank\Zz -Z) -1 r=5 k=1.r+1 9.1 101010001000
. ra/erse(sort(eigenvals(zT.z))) 18.2 101010001000
50 101010001000
é”zzdgenvec(z?z,xk) 44 101001000100
63.6 101001000100
T 15.2 100110000010
-1
ZZm:=Z(M<) &gk
30.3 100110000010
K 36.4 100101000001
Verifying the generalized inver se 40.9) 10010100000 1)
18774126525222\ 18774126525222\
7 7005 2520000 7 7005 2520000
7 0705 2005200 7 0705 2005200
4 004 2 2000022 4 004 2 2000022
12552120505020 12552120505020
6 222 06020202 6 222 06020202
z'z- (77.2) 22, (77 2) -
550050500000 550050500000
220002020000 220002020000
505050005000 505050005000
2 02002000200 2 02002000200
2 00220000020 2 00220000020
20020200000 2) 20020200000 2)
Back to theregression:
~ According tothe definition of generalized
Bhat == ZZm~ZT~Y i:=1..rows(2) inversegivenin Exercise 7.6 p. 418, these
two matrices should be the same.
Yhat = Z-Bhat
ehat:=Y — Yha ﬁOi::Bh""tl

Y par := mean(Y)
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Regression Partials:

4
BZ = Z Bhatk'z<k> <BZ = B,Z,+ ByZ, + BsZ5 Where By isintercept and Z; refer to 279 - p columnsin Z
k=2
: ®
= Z Bhat, -2 <t =Byl s+ Bsls
k=5
12
W 7 = BZot BoZo + BeZot BoZo + BroZoot B11Z
VL= Z Bhat, -2 <YZ = BeZe+ BrZ7 + PgZgt BoZo + BroZ10™ B11ln
k=7

Regr ession model decomposition:
YY =Bo+BZ+1Z+yZ+ epa

15.2)) 18.732) 9.808") ~1.749) -5571) -6.02 15.2))
212 18.732 9.808 ~1.749 -5.571 -0.02 212
273 18.732 9.808 ~1.749 -5.571 6.08 273
21.2 18.732 9.808 ~1.749 -5.571 -0.02 21.2
21.2 18.732 9.808 ~1.749 -5.571 -0.02 21.2
36.4 18.732 9.808 20.481 15.379 -28 36.4
924 18.732 9.808 20.481 15.379 28 92.4
27.3 18.732 7.188 ~1.749 -0.211 3.34 27.3
v_| 152 Bo- 732 _|7188| _ _|-l740| | -0211 g - -8.76 vy | 152
9.1 18.732 7.188 ~1.749 -0.211 -14.86 9.1
18.2 18.732 7.188 ~1.749 -0.211 -5.76 18.2
50 18.732 7.188 ~1.749 -0.211 26.04 50
44 18.732 7.188 20.481 7.399 -9.8 44
63.6 18.732 7.188 20.481 7.399 9.8 63.6
15.2 18.732 1735 ~1.749 4,032 -7.55 15.2
30.3 18.732 1.735 ~1.749 4,032 7.55 30.3
36.4 18.732 1.735 20.481 -2.297 -2.25 36.4
40.9) 18.732) 1.735 ) 20.481 ) -2.297 ) 225 ) 40.9)

Regression sums of squares:

n:= rows(Y)

Totdgs= Y'Y = n-Ypa Total s = (7186.609) SZ(ot = Totalss,
Regressiongg := YhatT'Yhat - n-Ybar2 Regressiongs = (4209.219) SSZyeg = Regression$l
Errorgg:= ShatT'Shat Errorgg = (2977.39) SSZ 5= Err0r$1

A confirmed p. 373
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Maximum Liklihood ratio regression testsfor ANOV A parameter's:

Z1 = submatrix(Z,1,18,1,6) < Location & Gender (Interaction columnsremoved) for Z;
Zp = submatrix(Z,1,18,1,4) < Location (Interaction and Gender columnsremoved) for Z,
Z3:= augment(submatrix(Z,1,18,1,1), submatrix(Z, 1, 18,5, 6)) < Gender (Interaction and L ocation columnsremoved) for Z3
110010) 110 0) 11 0)
110010 1100 110
110010 1100 110
110010 1100 110
110010 1100 110
110001 1100 101
110001 1100 101
101010 1010 110
21—101010 22—1010 23_110
101010 1010 110
101010 1010 110
101010 1010 110
101001 1010 101
101001 1010 101
100110 1001 110
100110 1001 110
100101 1001 101
100101) 100 1) 101)
Calculating 'extra’ regressionsusing generalized inversesfor each Z;: 34_745\
M = reverse(sort(eigenvals(ZlT-Zl))) jl:= rows(%.1) 7.9
- 7 24.412)
A2 = reverse(sort(eigenvals(ZgT-Zg))) j2:= rows(n2) 4.296 2= 7
| ; ' 0 4.588 28.392)
A3 = reverse(sort(agenvals(zcg -23))) j3:= rows(?»3) 0 ) 0 3=| 7.608
rank(ZlT-ZD T ° )
2Zim= Y (Mi)_1-(eigenvec(le-Zl,Mi))-eigenvec(le-Zl,Mi)
i=1
rank(ZzT-22> T
ZZom= Y (r2)” 1-(eigmvec(zzT-zz,xzi))-eigenvec(zzT-zz,xzi)
i=1
rank<Z3T-23> T
ZZgm= Y (r3) 1-(eigmvec(ng-z3,x3i))-eigenvec(ng-zg,x3i)

i=1
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Verifying generalized inver ses:

18 7 7 4 12 6) 18 7 7 4 12 6)
7700 2 700 2
T 7070 2 ( T ) ( T ) 070 2
VARYAR Z1 -Z21)-2Z1\21 -Z1) =
11 4 004 2 2 1 eesimial ol 004 2 2
12552120 12552120
6 222 0 6) 6 222 0 6)
18 7 7 4) 18 7 7 4)
T 700 ( T ) ( T ) 70 o‘
Zy Zp= Z5 -Zo)-2Zom\ 20 -Z5) =
2 42 070 2 L2)-Zlym\Z2 L2 070
00 4) 00 4)
18 12 6) 18 12 6)
z3'z3=]12 12 0 (ng.zg).zzgm-(ng.zg)= 12 12 0
6 0 6) 6 0 6)
Calaulating 'extra’ residual sums of squares:

) T ) T ) T
Blhat = (2Z1m)-Z1 Y B2hat = (2Zom)-Z2'-Y B3hat == (2Z3m)-Z3 Y
Ylhat = Z1-Blhat Y 2hat == Z2-B2hat Y 3hat == Z3-B3hat
Slhat =Y - YlhaI 82hat =Y - Y2hat 83hat =Y - Y3hat
elng -6lpg = (3419.147) €2hat -62nat = (7165.826) €3ha -63na = (3666.165)

T T T
SSZ1 res= (Slhat 'fglhat):L SSZ3 res = (Szhat 'f92hat):L SSZ3res = (83hat "93ha'[)l
N SSZ es CONfirmed p. 399
Liklihood Statistics:
r:=rank(Z) - 1
qp = rank(Zl) -1 g2 = rank(Zg) -1 g3:= rank(Zg) -1
Sszl.res_sszres SSZZ.res_SSZres SSZS.res_SSZres
( r—fh) ( r-Qz) ( V—QS)
Fl= ——— Fpm ————— Fgom —————
SSZes SZ1es SZ1es
(n-r-1) (n-r-1) (n-r-1)
F1=0.89 Fp = 5.627 F3 = 0.694

qF(O.95,r -q,n—-r-— 1) = 3.885 qF(O.95,r - O2,Nn—1r— 1) =349 qF(O.95,r -Qg3,nN—-r— 1) = 3.259

Decision Rule

if F < gF then factorsof Z dropped from Z; are not significant and may beignored

N Aboveresultsverified p. 373 - Only Gender factorsin Z aresignificant.
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ORIGIN =1

COMPARING ANOVA AND REGRESSION
Two-Way Case - jw372A.mcd

Prepared by:
Wm Stein

To proceed with a direct comparison of Regression & Two-way ANOVA, we need equal samplesizesin each treatment. Sole's
consider the peanut data - jw 4th EDITION Table 6.14 p. 375 (deleed in 5th edition).

Two factors(F1 & F2) aretested for effect on Yidd (Y).

Reading data from separate disk files:
Y := READPRN("DATA\jw372ay.txt" )
Z := READPRN("DATA\jw372az.txt" )
Calculating By, the normal way:
r:=rank(ZT~Z)—l r=4 k=1.r+1 Y -
-1
T T
Bhat := (z -z) Z'Y
0.24167
Yhat := Z:Bhat -5.15
ehat = Y — Yhat — mean(Y) Pha =) 4.725
-5.11667
i:=1.rows2) 0.10833 )
Regression partials:
-0.275
= Y Y) = 195.075
Bo, mean(Y) mean(Y) _0.275
-10.025
! (K 10.025
BZ:= > B, Z '
1 4.375
3 v 4375
40 hat =
Z = Z Bhatk'z 5.075
5.075
k=2
-4.825
5
W -4.825
7= Z
2= ), Bra, 5.675
k=4
5675 )
Regr ession model decomposition:
195.3) 195.075 ~0.24167") -5.15)
194.3 195.075 —0.24167 -5.15
189.7 195.075 0.24167 -5.15
180.4 195.075 0.24167 -5.15
203 195.075 -0.24167 4725
195.9 195.075 —0.24167 4725
Y = Bo= BZ = Z=
202.7 195.075 0.24167 4725
197.6 195.075 0.24167 4725
1935 195.075 -0.24167 0.425
187 195.075 —0.24167 0.425
2015 195.075 0.24167 0.425
200 ) 195.075 ) 0.24167 ) 0.425 )

195.3) -11 0 -1 0)
194.3 11 0 -10
189.7 11 0 1 O < "effect” coding
180.4 1 1 0 1 0 | Meyers& Wellp.547
providesa Z matrix of
203 -1 0 1 0 -1 gy rank, thus
195.9 -1 0 1 0 -1| avoidingthe
2007 Z= 101 0 1 generalized inverse
197.6 10 1 0 1
1935 1 -1-11 1
187 1 -1-11 1
2015 1 -1-1-1 -1
200 ) 1 -1 -1-1-1)
195.3) 194.8
194.3 194.8
189.7 185.05
180.4 185.05
203 199.45
v 195.9 EEN(Y) + Yig = 199.45
202.7 200.15
197.6 200.15
1935 190.25
187 190.25
2015 200.75
200 ) 200.75 )
YY =B+ BZ+1Z+yZ+ eng
5.11667 05 ) 195.3)
5.11667 -05 194.3
-5.11667 4.65 189.7
-5.11667 -4.65 180.4
-0.10833 3.55 203
-0.10833 -3.55 195.9
vZ = Ehat = YY =
0.10833 2.55 202.7
0.10833 -2.55 197.6
-5.00833 3.25 193.5
-5.00833 -3.25 187
5.00833 0.75 201.5
5.00833 ) -0.75) 200 )



2005 jw372A

Regression sums of squares.

n:= rowyY)

Totalgg:= Yhy - n~mean(Y)2 Total g = (506.1225) SSZiot == TotalSsl
Regressiongg := YhatT'Yhat Regressiongs = (401.9175) SSZ ey = Regrons,Sl
Errorgg:= 8hatT'8hat Errorgg = (104.205) SSZ e = Errors,Sl

Maximum Liklihood ratio regression testsfor ANOV A paramete's.

Zy:= READPRN("DATA\jw372azl.txt") F1 & F2 (Interaction columnsremoved) for Z;
Zy:= READPRN("DATA\jW372a22.txt") F1 (Interaction and F2 columns removed) for Z,
Z3:= READPRN("DATA\jW372az3.txt") F2 (Interaction and F1 columns removed) for Z;

-1 0) -1) 1 0)

10 1 10

1 0 1 1 0

10 1 10

0 1 1 0 1

0 1 1 0 1

=y 4 Z2= il I

0 1 0 1

11 1 14

11 1 14

14 1 14

-1 -1) 1) -1 -1)

Calaulating 'extra’ residual sums of squares:

Blhg = (le-zl) 1-21T-Y B2hat = (zzT-zz) 1-22T-Y B3hgt = (ZgT-Zg) 1-23T-Y
Ylhat := Z1-Blhat Y 2nat := Z2-B2hat Y3hat := Z3-B3hat
€lhat = Y — Y1phg — mean(Y) €2hat = Y — Y2hga — mean(Y) €3hat .= Y — Y3phat — mean(Y)
elpat -€1hgt = (301.021) 2hat -€2hat = (505.422) &3nat -€3hat = (310.008)
SZ1 resi= (1 -e1ht), S esi= (2 -e2ht), S5 1es:= (3t -63hat),

shatT: (0.5 -05 465 -4.65 355 -355 255 -255 325 -325 0.75 -0.75)
81hatT = (—4.89167 -5.89167 -0.25833 -9.55833 8.03333 0.93333 7.51667 2.41667 3.43333 -3.06667 1.41667 —0.08333)
82hatT = (0.46667 —0.53333 -5.61667 —14.91667 8.16667 1.06667 7.38333 2.28333 -1.33333 -7.83333 6.18333 4.68333)

83hatT: (5.375 4375 0225 9525 32 -39 29 -22 -2 -85 6 45)
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0.225 -0.275 ) 5.11667
-0.775 -0.275 5.11667
-5.375 -10.025 -5.11667
~14.675 -10.025 -5.11667
7.925 4375 -0.10833
0.825 4.375 -0.10833
Vomen() =) ees | | 5075 Vet =1 10833 Y 2hat =
2.525 5.075 0.10833
-1.575 -4.825 -5.00833
-8.075 -4.825 -5.00833
6.425 5.675 5.00833
4925 ) 5675 ) 5.00833 )
Liklihood Statistics:
gy = rank(Zl) qr=2 gz = rank(Zz) go=1
SSZ1 resSSZres SSZ7 resSSZres
F ) S G
SZes SZes
(n-r-1) (n-r-1)
F1 = 6.61058 Fo = 8.98395

gF(0.95,r - gg,n - r - 1) = 4.73741 gF(0.95,r - gg,n - r - 1) = 4.34683

Decision Rule

if F < gF then factorsof Z dropped from Z; are not significant and may beignored

Now performing a standard 2-Way ANOV A: F1. five
g:=2 < levels of factor F1 (g) one - (195.3\
i=1.g 117 \1943)
b:=3 < levels of factor F2 (b)

1.b wo x 189.7")
Sl 2,17 {1804 )
_5 <number of observations
n= in each bin
k:=1.n
Bin means:

Row and Column means:

e e )

194.8 199.45 190.25\
) bar =

X = mean| X.
bar; | ( 185.05 200.15 200.75)

i,]

Grand mean:
XGMm = mean(Xy) XgMm = 195.075 Xe = mean(Xbar<j>)
J
l'=g J=b K:=n

~0.24167") -5.15)
-0.24167 -5.15
0.24167 -5.15
0.24167 -5.15
~0.24167 4,725
-0.24167 4,725
024167 | M| 475
0.24167 4,725
~0.24167 0.425
-0.24167 0.425
0.24167 0.425
0.24167 ) 0.425 )
g3 = rank(Zg) gz=2
SSZS.res_SSZr&s

Fz:= —( r—q3)

SSZr(S

(n-r-1)
F3 = 6.91242

gF(0.95,r - gg,n - r - 1) = 4.73741

A Valueshave not been verified

F2:
Six eight
_ (203.0) . . 1935
1,27 {1959) "3 (1870)
. . 202.7") . . 2015
2,27 \1976) "2.3" (2000)

(194.83333\
" 19531667 )

189.925
199.8
1955 )

XC:
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AVOVA - 2-way:

Sour ce SS
F1 SS; = [J-K-[((Xr — Xam))" (X - XGM)]]l
SS; = 0.70083
F2 SS¢ = [I-K-(XC— XG|\/|)T'(XC - XGMﬂ1
SSc = 196.115
J |
Interactions SSint == K-Z Z (Xbari i Xri - ch + XGM)2
j=1li=1 ’

SSipt = 205.10167

Within SSy = ZK: z Zl“ [(xi’j)k—xbari,j}z

K J |
Total SSt = z Z Z |:(Xi=j>k_ XGM}Z
SSt = 506.1225

Signifiancelevel: o := 0.05 < Set desired level of tests

Model:
Xiji = m+ o + By ;) +e
Restrictions:
Zo; = ZBJ- =Zy; = 0
Assumption:
Hypothesis: Hypothesis:
Hg o's=0 Ho Bj's=0
Hi: Therésarow effect (F1) H1: Therésa column effect (F2)
MS; M
F1.= —— F1=0.04035 F2 .= —SC F2 = 5.64603
MSy MSy
qF(1 - o, dfr, dfyy) = 5.98738 aF(1 - o, dfc, dfy) = 5.14325
1 - pF(F1,dfy,dfyy) = 0.84743 1 - pF(F2, df¢,dfy,) = 0.04177
Decisionrule:

Reject Hyif F > gF in each test.

df MS
SSy
dfr:zl—l MSr::_
df,
dfy = 1 MS; = 0.70083
dfe:=J- 1 MSq i ot
e Se= df
dfc =2 MS. = 98.0575
SSint
dfint:= (1 — 1)-(J-= 1)  MSjpt:=
dfint
dfipt = 2 MSint = 102.55083
SSy
dfyy = 1-3(K = 1) MSy = —
dfyy
dfyy = 6 MS, = 17.3675
SSt
dft:= 119K - 1 MST = —
dft
dft = 11 MST = 46.01114

" Notethat SS; +SS; +SS5; = SSZ,¢y above

Hypothesis:
Ho 1;'s=0
Hi: Therésan interacion effect

_ MSint

F3: F3 = 5.90476

aF(1 - o, dfjny, dfyy) = 5.14325

1 — pF(F3, dfj, dfy) = 0.03824

N Valuesveified usng Minitab
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ANOVA (Two-Way) modd decomposition:

Xij = oy + By +y;; g5

ColA := stack(xl’ 1%, 1)
ColB := stack(xl’z,xz’z)
ColC := stack(xl’s,xz’s)

nn:=12 i:=1..nn

Calaulating parameters:

Hi = XeM < setting up a vector of mean
-0.24167 : .

Xy — XeMm = < usethisto establish valuesfor a
0.24167 )
-5.15)

Xo— Xam = | 4725 < usethisto establish valuesfor 8
0.425 )

i=1.

(Xbari j + XGM) - xri - ch =

x1,3 a Xbarl’s - (

195.3)
1943
189.7
180.4
203
195.9
202.7
197.6
1935
187
2015
200 )

195.075
195.075
195.075
195.075
195.075
195.075
195.075
195.075
195.075
195.075
195.075
195.075 )

o -a = (0.70085)

BB = (196.115)

3.25 )
-3.25)

5.11667
-5.11667
-0.10833

0.10833
-5.00833

5.00833 )

-0.24167 )
-0.24167
0.24167
0.24167
-0.24167
-0.24167
0.24167
0.24167
-0.24167
-0.24167
0.24167
0.24167 )

J" -y = (205.10167)

¢ -6 = (104.205)

-5.15)
-5.15
-5.15
-5.15
4.725
4.725
4.725
4725
0.425
0.425
0.425
0.425 )

5.11667 )
5.11667
-5.11667
~5.11667
-0.10833
-0.10833
0.10833
0.10833
-5.00833
-5.00833
5.00833
5.00833 )

< usethisto establish valuesfor y

< usethisto establish valuesfor ¢

0.5 )
-05
4.65
-4.65
3.55
-355
255
-255
3.25
-3.25
0.75
-0.75 )

(v = w)T(Y = u) = (506.1225)

Y := stack(ColA, stack(ColB, ColC))

p+a+B+y+e=

Paperwork converting X into a column vector:

195.3)
194.3
189.7
180.4
203
195.9
202.7
197.6
1935
187
2015
200 )
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Relationship between ANOVA and Regression models:

Regression:

Y- u=ZPZ +I1Z + ZyZ + ¢
Yi-p- §=2ZBZ +Z1Z +2XyZ

~0.24167 -5.15) 5.11667 -0.275 )
~0.24167 -5.15 5.11667 -0.275
0.24167 -5.15 -5.11667 -10.025
0.24167 -5.15 -5.11667 ~10.025
~0.24167 4.725 -0.10833 4.375
6z - 024167 | | 4725 iz -0.10833 624z 41z 4.375
0.24167 4.725 0.10833 5.075
0.24167 4.725 0.10833 5.075
~0.24167 0.425 -5.00833 -4.825
~0.24167 0.425 -5.00833 -4.825
0.24167 0.425 5.00833 5.675
0.24167 ) 0.425 ) 5.00833 5675 )

ANOVA (Two-Way):
Xiji = m+ o + By +v;; +e
Xijk = B —&iji = 0 + B+

-0.24167 -5.15) 5.11667 -0.275
-0.24167 -5.15 5.11667 -0.275
0.24167 -5.15 -5.11667 ~10.025
0.24167 -5.15 -5.11667 ~10.025
~0.24167 4725 -0.10833 4.375
-0.24167 4725 -0.10833 4.375

* 71 024167 P=1 4725 "7 010833 R e
0.24167 4725 0.10833 5.075
~0.24167 0.425 -5.00833 -4.825
-0.24167 0.425 -5.00833 -4.825
0.24167 0.425 5.00833 5.675
0.24167 ) 0.425 ) 5.00833 5675 )

NOTE: Equivalent decompasition for Regression and ANOV A only workswith a balanced (orthogonal) ANOVA design
wheretherearethe samenumber of observationsin each treatment category. In an unbalanced design, o,B,y
are correlated and equivalence of the two procedures ismor e difficult to demonstr ate - use Regr ession.



2005 jw376

Prepared by:

ORIGIN=1 CLASSICAL LINEAR REGRESSION, CONFIDENCE INTERVALS & PREDICTION Wm Stein

Verifying calculationsin Example 7.6 jw376.mcd
Companies considering the purchase of a computer must first assesstheir future needsin order
to determinethe proper equipment. A computer sdentist collected data from seven similar company
sitesso that a for cast equation of computer -har dwar e requirementsfor inventory management
could be devdoped:

z, = customer ordersinthousands

Z, = add-delegeitem countsin thousands
Y = CPU (central processing unit) timein hours.

In thisstudy, Y represents the single dependent variableto be predicted by the z's.

Read indatafrom JW Table7.3, p. 376: z; Z Y
1235 2.108 1415)
ORIGIN = 1 146.1 9.213 168.9

1339 1.905 154.8
M =| 1285 0.815 146.5
1515 1.061 1728

M := READPRN("DATA\jw376.dta" )
n:= rows(M) n=7

Constructingvariables: 136.2 8.603 160.1
- Dependent variable (Y) isthethird data column of M: 92 1125 1085)
Y = M<3>

- Matrix (Z) consisting in indegpendent variables and first column of 1's:

i:=1.n
=1 1415 1) 1 1235 2.108)
168.9 1 1 146.1 9.213
Z:= augment(augment(l,M<1>>,M<2>) 154.8 1 1 1339 1.905
Y =| 1465 I=]1 Z=|1 1285 0.815
r=cos(Z) -1 r=2 172.8 1 1 1515 1.061
160.1 1 1 136.2 8.603
Calaulating least-squar es estimator : 108'5) 1) 1 92 1'125)

(using jw Result 7.1 p. 358)

- Least squar es estimate of coeffidents [= By, ,]:
8.424\ < Regression function verified p. 376

-1
T T
Bhat == (Z ~Z> Z Y Bhat = | 1.079 142.563\
, 042 ) 169.931
- Fitted values of Y [= Yp4l: 153.699
Yhat = Z-Phat Yha = | 147.415
172.335
_ , _ 158.993 ~1.063)
- Residuals[= epsilon; 4] 108.162 ) ~1.031
1.101
ehat:=Y — Yha
. ( 81797 -0.06411 0.08831 ) ehat = | —0.915
(zT-z) = | -0.06411 0.00052 -0.00107 0.465
0.08831 -0.00107 0.0144 ) 1.107

A verified jw p. 376 0.338 )
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Sums of Squar esdecomposition:
- Total sum of squares about mean:
Ypar := mean(Y) Ypar = 150.443
ERVIIRV. 2
Totalgs:= ¥Y7-Y = N Yer Totalgs = (2807.477)

- Regression sum of squares:

Regressiong := Yha[T-Yhat - n~Ybar2 Regressiong = (2801.679)
- Residual (error) sum of squares:
T
Errorgs:= enat €hat Errorgg = (5.798)
- Verify that Total = Regressiong + Residual
3 .
Totalgg= (2.807 x 10 ) Regressiong + Errorgg = (2807.477)

Calcaulating coefficient of determination [= R?]
and Multiple Corrdation Coeffient [R] jw Eq. 7-9, p. 361

Req = 0.998 R=Rg R=0999

Sampling distribution of least-squar es estimate of B (i.e. By, )
Calculating s wher e the expected value of s2 = 62 (jw Result 7.2 p. 363)

Errorss
= — = 1.449 s:= ./ s= 1.204 < sverified p. 377
550 (n -r-1 )1 550 550
Expected mean of B, Expected variance/covariance of By,
8.424") 1 11.85617 -0.09293 0.12801 )
Bhat = | 1.079 SZ:= ssq~(ZT~Z) SZ = | -0.09293 0.00076 -0.00155
042 ) 0.12801 -0.00155 0.02087 )

The multivariate confidence ellipsoid (jw Result 7.5 p. 367):
8.1797 -0.06411 0.08831 \

-1
72 - (7".2) ZZ=|-006411 000052 -0.00107

i 0.08831 -0.00107 0.0144 )
A = eigenvas(ZZ)

8181 )
ev = eigenvecs(Z2) A= gos7x 10 © | 0.99991 0.00753 -0.01103)
0013 ev=|-0.00784 0.99958 -0.02804
r=rak(z) -1 r=2 ' 001081 0.02812 0.99955 )
n:= rows(M) n=7 Eigenvector s (ev) columns give dir ections of
p := cols(M) p=3 themultivariate confidence ellipsoid



2005 jw376

o = 0.05 < Select probability of Typel eror
C:= \/(r + 1)'Ssq'q|:(1 —o,r+1,n-r-1) C=5354 < Confidence €llipsoid constructed
in analogy with that for T2intervals
Multivariate simultaneous confidence dlipsoid: =1.p L= C'\/Ti eg.jw5-19p. 221
8.424" 15.313)
Bhat = | 1.079 < Center of ellipsoid L=| 0.015 <L arehaf-lengthsof the axesof the

042 ) 0621 ) confidence ellipsoid for B, inthe
directionsof ev

Simultaneous confidenceintervals jw Result 7.5 p. 367):

11.85617")
varpha == 7, | varBng = | 0.00076
0.02087

Cliower = Bhat — y/VarBha/ (r + 1)-qF(1 - oi,r + 1,n = r - 1)

Clupper = Bhat + y/VarBha/ (r + 1)-qF(1 — o, r + 1,n = r - 1)

Cl .= augment(Cl lowerCl Uppef)

8.424" -6.888 23.735))
Bhat = | 1.079 < Mean values Cl=| 0957 1201 < Confidenceinterval
0.42 ) -0.223 1.062 )

Confidenceintervalsbased on jw eq. 7-14 p. 368:

Cliower == Bhat — qt(l - %,n -r- 1)'\[Varﬁhat
o V oz
Cluppa’:: Bhat + qt(l - E,n e 1} Varﬁhat

Cl .= augment(Cl lowerCl Uppef)

8.424" ~1.136 17.984)

Bhat = | 1.079 < Mean values Cl=| 1.003 1.155 <'Bonferroni' intervals (I guess, but

0.42 ) 0019 0821 ) not stated assuch in jw)



2005 jw376

Estimating the regression function at a specified z,:

1)
zg:=| 130 < Valuegiven jw p. 376
75 )

Expected valueof Y (Y,) given z,:

Yo:= (ZOT'Bhat)l Yo = 151841 < Prediction for y, verified more-or-less p. 376

Confidenceinterval for expected valueof Y

o = 0.05 < Set probability of Typel error

Cliower:= Yo — qt(l - %,n -r- 1)~,”20T~ZZ~zoi~ssq “zOT'ZZ'ZOi'Ssq = (0.732)
a \ T a \
Clupper::Y0+qtl—E,n—r—1)~ zg -ZZ-70)-s qtl—E,n—r—1)=2.776

Cl = augment(C| lower Cl Uppef)

Confidenceinterval for expected value

Yo = 151841 prediction Cl = (149.807 153.874) < Confidenceinterval for expected value
verified p. 377
Prediction of Y

Cliower == Y0 - qt(l - %,n —r- 1}\/(1 v2g 2220)sq oL+ 20 -22:20) 5 = (1.409)

Clupper = Yo+ qt(l _ %,n _r_ 1).\/(1 + zOT.zZ.zo).sSq qt(l - %,n -r- 1) = 2776
Cl = augment(Cl lower Cl Uppef)

Confidenceinterval for predicted new observation:

Yo = 151841 prediction Cl = (147.928 155.753) < Confidenceinterval for new
observation verified p. 377



MULTIVARIATE AND UNIVARIATE MULTIPLE LINEAR REGRESSION Wm Stein
ORIGIN =1 jw383.mcd 7 5 3 7 s 5 -
Template for Multivariate multiple regression followed by separate 1] 3389|3149 1] 7500| 220 0| 140
un.ivariate'm.ulipl'e regressionsfor each dependent variable. 2| 1101] 653 111975 200 ol 100
Toio dependent var cbles TOT & AM 1 - Columns1& 2 3[1ist] eio] ofaeo0| 205] eo] 111
Fiveindependent variables: GEN, AM T, PR, DIAP, QRS- Cols3-7 4| 596| 448 1| 675| 160| 60| 120
Readin datafromjw Table 7.6, p. 423: 5| 896| 844 1) 750| 185 70| 83
M = READPRN("DATAW7-6.0AT" ) 6 | 1767 | 1450 1|2500| 180| 60| 80
7| 807| 493 1| 350| 154 80| 98
n:=rowgM)  n=17 v _ |8 111] 94| of1s00| 200 70| o3
9| 645| 547 1| 375| 137| 60| 105
Construding variables 10| 628| 392 1|1050| 167| 60| 74
- Dependent variable matrix (Y) isthefirst & second column of M: 11| 1360 | 1283 113000] 180 60 30
Y := submatrix(M,1,17,1,2) 12| 652| 458 1| 450| 160 64 60
- Matrix (Z) consisting in independent variables and first column of 1's: 13| 860| 722 111750 135 90| 79
o1 L1 14| 500| 384 0[2000| 160 60| 80
' 15| 781| 501 0| 4500| 180 0| 100
Z = augment(l, submatrix(M, 1,17, 3, 7)) 16| 1070| 405] 0] 1500| 170] 90| 120
r=cos(z)-1 r=5 17] 1754 1520 1] 3000 180 o| 129
Calaulating least-squar es estimator : —2879.478 —2728.709\
(Using jw Eq. 7-28p. 384) 675651  763.03
Tyt 0.285 0.306
pra= (212) 2" Pha=| 10272 ga96
- Fitted values of Y [= Y41 7.251 7.206
Yro = ZBhey 7.598 4987 )
- Residuals[= g, 4]
3389 3149) 11 7500 220 0 140) 3256.178 2987.472 132.822 161528
ehat = Y = Yhat 1101 653 11 1975 200 0 100 1173.004 917.353 72004 -264.353
1131 810 1 0 3600 205 60 111 1530.248 1183.852 -399.248 -373.852
506 448 11 675 160 60 120 978.847 695.295 —382.847 —247.295
896 844 11 750 185 70 83 1048.391 828.212 -152.391 15.788
1767 1450 1 1 2500 180 60 80 1400.214 1232.868 366.786 217.132
807 493 11 350 154 80 98 8025  576.742 45  -83.742
1111 941 1 0 1500 200 70 93 816.443 478.276 294557 462.724
Y=|645 547 | Z=|1 1 375 137 60 105 | Ypg =| 543.159 323964 | epg =| 101.841 223.036
628 392 1 1 1050 167 60 74 808.052 643.054 -180.052 —251.054
1360 1283 1 1 3000 180 60 80 1542.639 1386.055 -182.639 -103.055
652 458 11 450 160 64 60 487.866  355.96 164.134  102.04
860 722 11 1750 135 90 79 934.266 813.939 —74.266 -91.939
500 384 1 0 2000 160 60 80 376.695 138.728 123305 245272
781 501 1 0 4500 180 0 100 1011.159 749.992 -230.159 —248.992
1070 405 1 0 1500 170 90 120 858.455 490.152 211545 -85.152
1754 1520) 1 1 3000 180 0 129) 1479.883 1198.087 ) 274117 321.913 )
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Sums of Squaresdecomposition jw Eq. 7-34 p. 385:
j:=1.colsY) k:=1.cols2)
- Total sum of squares & crossproducts: (SSCPt) for mean centered Y:
T 7.7059 x 106 7.4748 x 106\
SSCPT = Yme *Yme SSCPT = 6 .
74748 x 10° 7.6104x 10°)
- Predicted (hypothesis) sum of squares & crossproduxts (SSCPg) for mean centered Y, 4:

Yhatd = Vg mealw(Yhat<j>)

T 6.8359 x 106 6.7091 x 106\
SSCPR = Yhatmc Yhatmc SSCPR = 6

6.7001 x 10° 6.6697 x 10° )

- Residual (error) sum of squares:

T 8.700L x 10° 7.6568 x 10° |
SSCPg = eha ehat SSCPg =

7.6568 x 10° 9.4071x 10°)

- Verify that SSCPt = SSCPg + SSCPE:

77059 x 10° 74748 10°) 77059 x 10° 7.4748x 10°)
Pr= SSCPR + SSCPg =

7.4748 x 10° 7.6104 x 10° ) 7.4748 x 10° 7.6104 x 10°)

Calcaulating coefficient of multiple deter mination [= R?]
and Multiple Corrdation Coeffient [R] jw Eq. 7-9, p. 361

Univariate coefficient of multiple deter mination (R2) and multiple correlation (R):

o SSCPR, ) (0.8871 \
" sscpr % 0.87639 )

I <RZand R arecalculated for each dependent variable Y
taking into account only the main diagonal sums of
squaresin SSCPg & SSCP+

0.94186 )

R:= , R R=
= [0.93616 )

Multivariate coefficient of multiple determination (R?) - Rencher, p. 380:

SR E— — — i i i i 2
= Rgg =021 /qu = 0.458 < Multivariate analog to Univariate R2and R
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Test for effects. variable GEN

Error SSCP:

8.70008 x 105 7.65676 x 10° )
E:= SSCPg E-
7.65676 x 10° 9.40709 x 10° )

Hypothesis SSCP (Subtracting E from SSCPg of reduced model) jw p 395:
i=1.n |i:: 1
Z; .= augment(l, submatrix(M,1,17,4,7)) < Reduced Z matrix (Z;)

r.=cols(Zz) -1 r=5

-1
Bhat := (ZrT~Zr) -ZrT-Y < Fitting reduced model regression coefficients (Bhat,)
Yhat, := Z-Bhat; < Fitted Y values(Yhat,)
ehaty .= Y — Yhat, < ResidualgError (ghat,)

< SSCPg for reduced model
SSCPEr = ShatrT'ghdr E ot ue mo

137482 x 10° 155262 x 10°)
H = SSCPg, — SSCPg H=
155262 x 10° 1.75342 x 10° )

Null Hypothesis:
Note: REJECTION of H meansthat thef'sare

H,. Regression coefficients § =0 for the independent variables REMOVED NEEDED in the Regr ession equation wher eas

from the Full regression modd to makethe Reduced model. failureto reject H, meansone should proceed
o o with the Reduced M odel asthe viableregression
Multivariate Test Statistics: because the extravariablesare NOT NEEDED.
Wilks Lambda: Pillai's Trace: Hotelling-L awley Trace
|E| -1 -1
= E+ HI A = 0.3447916 Pyr:=tr H-(H+ E) Pir = 0.6552084 HT¢ = t\H-E HT = 1.9003029
+
r:= rows(Bha[) -1 r=5 q:= rows(Bhatr) -1 qg=4 m:= cols(Y) m=2
1
K:= {n—r—1—5-(m—r+q+1)}-ln(A) K = 10.648
Stringency of thetest: o =005 <setasdesired
C:=qchisf 1 - a,m-(r—q)] C=5991 <jw Result 7.11p. 393
Decision Rule: Rged HyifK > C: Probability: 1 — pchisqf K, m-(r — g) ] = 0.0048729
Decision = if (K > C,1,0) Decison=1  <0=Donot reject Hg
Univariate F Tests: (see Rencher, p. 358) 1=Reect Hy
ki=1.2 h:=r-q <h=numbe of parameters deleted from the reduced model
F-ratio statistic (F,):
Hi,k Probability:
h 17.383)
Fe =— Fe = < Separ ate F-valuesfor each Prob:= 1 - pA F¢.,h,(n—r-1)]
k Bk 20503 Y variable

(n-r-1) 0.0015647 )
on =
0.0008606 )
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Test for effects: variable AMT

Error SSCP:
870008 x 10° 7.65676 x 10° )
E := SSCPE E=
7.65676 x 10° 9.40709 x 10°)
Hypothesis SSCP (Subtracting E from SSCP of reduced model) jw p 395:
i=1.n |i:: 1
Z, := augment(l, submatrix(M, 1,17, 3, 3),, submatrix(M, 1,17,5,7)) < Reduced Z matrix (Z;)

r.=cols(Zz)-1 r=5

-1
Bhat, := (ZrT~Zr) ~ZrT~Y < Fitting reduced model regression coefficients (Bhat,)
Yhdr = ZrBha[r < Fitted Y values (Yhatr)
ghaty := Y — Yhat, < ResidualgError (ghat,)

<
SSCPg; = z;h:’;\trT~ah6\'[r SSCPg for reduced model

172076 x 10° 186046 x 10°)
H := SSCPg, — SSCPg H=
' 186046 x 10° 2.00103 x 10°)
Null Hypothesis:
Note: REJECTION of H meansthat thep'sare
H,. Regression coefficients g =0 for the independent variables REMOVED NEEDED in the Regr ession equation wher eas

from the Full regression modd to make the Reduced model. failureto reject H, meansone should procesd
o o with the Reduced M odel asthe viableregression
Multivariate Test Statistics: because the extravariablesare NOT NEEDED.
Wilks Lambda: Pillai's Trace: Hotelling-L awley Trace
|E| -1 -1
“TE+H A = 0.3090326 Py =t H-(H + E) Py = 0.6909674 HTg = tr{H-E HTy = 2.2359042
+
r:= rows(ﬁhg[) -1 r=5 q:= rows(Bhatr) -1 q=14 m:= cols(Y) m=2
1
K:= {n—r—1—5-(m—r+q+1)}ln(A) K = 11.743
Stringency of thetest: o:=005 <setasdesred
C:= gchisgf 1 - a,m(r - q) ] C = 5.901 <jw Result 7.11p. 393
Decision Rule: Rged Hyif K >C: Probability: 1 — pchisq K, m-(r — q) | = 0.0028185
Decision := if (K > C,1,0) Decison=1  <0=Donot reject Hy
Univariate F Tests: (see Rencher, p. 358) 1=Reject Ho
k:=1.2 h:=r-q <h=numbe of parameters deleted from the reduced model
F-ratio statistic (F,):
Hi k Probability:
h 21.87
Fo = ———— Fe = < Separate F-valuesfor each Prob := 1 - pA Fe,h,(n—r—1)]
K Bk 23399 Y variable
(n—r-1) Prob - 0.0006753
0.0005213 )
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Test for effects: ALL VARIABLES (Constant B left in model only)
Error SSCP:

E := SSCPg

Hypothesis SSCP (Subtracting E from SSCPg of reduced model) jw p 395:

8.70008 x 10° 7.65676 x 10° )

7.65676 x 10° 9.40709 x 10°)

i=1.n Ii:= 1
Zp = < Reduced Z matrix (Z,)
r-=cols(Zz)-1 r=5
TV o1
Bhaty := (Zr -Zr) Zr Y < Fitting reduced model regression coefficients (Bhat,)

Yha[r = ZrBhatr < Fitted Y values (Yhatr)

ehaty == Y — Yhat; < ResidualgError (ghat,)

< SSCPE for reduced model
S&PEr = ShatrT'ghar E ot ue mo

H := SSCPg, — SSCPE
Null Hypothesis:

H,: Regression coefficients g =0 for the independent variables REMOVED
from the Full regression modd to makethe Reduced model.

Multivariate Test Statistics:

683593 x 10° 6.70900 x 10°)

6.70909 x 10° 6.66967 x 10°)

Note: REJECTION of H meansthat thep'sare

NEEDED in the Regression equation wher eas
failuretoreject H, meansone should proceed
with the Reduced M odel asthe viableregression
because the extravariablesare NOT NEEDED.

Wilks Lambda: Pillai's Trace: Hotelling-L awley Trace
|E| -1 -1
= ﬂ A = 0.0837239 Py =t H(H+ E) Py = 1.1259807 HTy = tr\H-E HTyr = 8.439305
+
r:= rows(Bhat) -1 r=5 gq:= rows(Bhatr) -1 q=0 m:=cols(Y) m=2
K = 29.763

K:= {n—r—l—%-(m—r+q+l)}~ln(A)

Stringency of thetest: o= 005 <setasdesired

C:=qchis| 1 - a,m(r—q) ] C = 18.307 <jw Result 7.11p. 393
Decision Rule: Rged Hyif K >C: Probability: 1 — pchisq K, m-(r — q) | = 0.0009366
Decision := if(K > C,l,O) Decision= 1 <0=Donat reject Hy

Univariate F Tests. (see Rencher, p. 358)

ki=1.2 h:=r-q
F-ratio statistic (F,):
Hik
h 17.286))
Fe = Fe = < Separate F-valuesfor each
K Bk 15598 Y variable

1=Reect Hy

<h =number of parameters deleted from the reduced model

Probability:

Prob := 1 - pA Fe,h,(n—r-1)]

(

0.0000698
0.0001132 )

Prob
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Test for effectss CONSTANT

Error SSCP:

8.70008 x 105 7.65676 x 105\
E := SSCPEg E-=
. _ 7.65676 x 10° 9.40709 x 10°)
Hypothesis SSCP (Subtracting E from SSCPg of reduced model) jw p 395:

i:=1.n Ii:: 1
Z, = submatrix(M,1,17,3,7) < Reduced Z matrix (Z,)

r=cols(Zz) -1 r=5

-1
Bhat, = (ZrT'Zr) .er.Y < Fitting reduced model regression coefficients (Bhat,)
Y haty := Z,-Bhat, < Fitted Y values(Yhat,)
ehat; := Y — Yhat; < ResidualgError (ghat,)

< SSCP¢ for reduced model
SSCPEr = ShatrT'ghdr E

821868 x 10° 7.78835 x 10° )
H = SSCPg; - SSCPg H=
7.78835 x 10° 7.38055 x 10°)

Null Hypothesis:
Note: REJECTION of H meansthat thef'sare

H,: Regression coefficients§ =0 for theindependent variables REMOVED NEEDED in the Regr ession equation wher eas

from the Full regression mode to make the Reduced model. failureto reject H, meansone should proceed
o o with the Reduced M odel asthe viableregression
Multivariate Test Statistics: because the extravariablesare NOT NEEDED.
Wilks Lambda: Pillai's Trace: Hotelling-L awley Trace
1= [ -1] 1
= ﬂ A = 0.5105362 Py =t H(H+ E) Py = 0.4894638 HTy = tr\H-E HTy = 0.9587249
+
r:= rows([}hat) -1 r=5 gq:= rows(ﬁhatr) -1 q=4 m:= cols(Y) m=2
1
K:= {n—r—1—5-(m—r+q+1)}-ln(A) K =6.723
Stringency of thetest: o= 005 <setasdesired
C:= qechisq 1 - a,m(r - q) ] C =591 <jw Result 7.11p. 393
Decision Rule: Rged H,if K > C: Probability: 1 — pchis K, m-(r — g) | = 0.0346843
Decision = if (K > C,1,0) Decison=1  <0=Donot reject Hy
Univariate F Tests. (see Rencher, p. 358) 1=Regect Hy
ki=1.2 h:=r-q <h=numbe of parameters deleted from the reduced model
F-ratio statistic (F,):
Hi k Probability:
h 10.391)
Fo = ——— Fe= < Separate F-valuesfor each Prob:= 1 - pH Fc.h,(n- - 1)]
K B k 8.63 ) Y variable

0.0081076
(n-r-1) Prob — \
0.0135022
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Prepared by:
PRINCIPAL COMPONENTS ANALYSIS Wm Stein
The 1970 Census provided tract information on 5 sodoeconomic 1 2 3 4 5
\{arlaplesfor the Madison, Wisc. area. Thedatafor 14tractsare 115935 14212265 227| 2901
listed in J.W. Table 8.5, p. 470.
2 (1523 13.1|0.597| 0.75( 2.62
Read in Data: 312599 12.7]11.237( 1.11| 1.72
414009 15.2(1.649| 0.81]| 3.02
M := READPRN("DATA\T8-5.DAT")
514.687| 14.7] 2.312 25| 2.22
X:=M" 6 |8.044| 1563641 451| 2.36
. o M=|7|2766| 13.3|1.244| 1.03| 1.97
Calaulating summary statistics: 8 | 6538 171 2618| 239 185
n:=cols(X) n=14 p = rows(X) p=5 9|6.451| 12.9|3.147| 5.52| 2.01
i=1.n j:=1.p 10| 3.314| 12.2|1.606( 2.18| 1.82
=1 11| 3.777 131 2.119( 2.83 1.8
i
. . 12| 1.53| 13.8|0.798( 0.84| 4.25
Variance/covariance (S):
_ _ 13| 2.768| 13.6|1.336| 1.75( 2.64
| := identity(n) 14| 6.585| 14.9|2.763| 1.91| 3.17
se—t oy [1- LTyt
n-1 n )
Mean vector (xbar) 4323\ 4,308 1.684 1.803 2.155 —0253\ Sum of Variancein S
14.014 1684 1767 0588 0.178 0.176
1 . .= 0.
Xpar == =X Xpar =| 1.952 S=| 1.803 0588 0801 1065 -0.158 ZSJ,J 935
n .
2171 2155 0178 1.065 1969 -0.357 !
2.454 ) -0.253 0.176 -0.158 —0.357 0.504 )
Calaulate eigenvalues & eigenvectors
of variance/covariance matrix (S):
_ 6.931) 0.78121 0.07087 0.00366 -0.54171 -0.30204)
A = reverse(sort(eigenvas(9)))
o 1.785 0.30565 0.76387 -0.16182 0.5448 -0.00928
gV = eigenvec(S,Aj) A= 039 E =| 033445 -0.08291 0.01484 -0.05102 0.93726
0.23 0.42601 -0.57946 0.22045 0.63601 -0.17215
0.014 ) -0.05435 0.26236 0.96176 -0.05128 0.02458 )
Testing the |dentity SE = ED:
N 6931 0 0 0 0 ) Sum of Variancein A:
| := identity(p)
0 178 O 0 0
= A Diagonal M atrix of
Dj =4 9 - 0 039 0 0O

- Eigenvalues (D) :

o O O

541461 0.12652 0.00142 -0.12434 —0.00428\
211847 1.36362 -0.06305 0.12505 -0.00013

SE =| 231809 -0.148 0.00578 -0.01171 0.01327 | E-D=
295269 -1.03442 0.0859 0.14598 -0.00244
-0.37673 0.46834 0.37475 -0.01177 0.00035 )

0 0 023 0
0 0014)

0 0

541461 0.12652 0.00142

2.11847 1.36362
231809 -0.148

0.

D Aj=935
i

12434

—0.06305 0.12505

0.00578 -O0.
2.95269 -1.03442 0.0859

01171

0.14598

-0.00428 )
-0.00013
0.01327
-0.00244

-0.37673 0.46834 0.37475 -0.01177 0.00035)
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Calcaulating Principal Component Scores (Y) as
linear combinationsof E and X:
Y=E -X

Calaulating loadings of original variables
on prindpal components:

NOTE:

Becertain that Eigenvalues(A) arein rank order
and that Eigenvector s (E) arein columnsin the
same rank order. Otherwise calculations below
will take into account thewrong entry in the
variance/ covariance matrix S.

J.W Result 8.3, p. 429

Compare withresultsin chart JW. p. 440

Eigenvectors
(component values="loadings")

1 2 3 4 5
1| 10.54307| 10.52792 | 1.05666| 5.70009 | -0.12073
2| 5.57054| 10.31795| 0.57977| 6.62406( -0.08673
3| 6.70519( 9.59088 | -0.12829( 6.06572| 0.10773
4| 851014 12.08123| 0.66259| 6.38543| 0.12841
5| 9.87215( 10.50321| 0.35897 6.8278 | 0.23908
6| 14.0629| 10.19044 0.8231| 6.70301| 0.11982
7| 6.97371( 10.1724( -0.00186| 6.23808 0.0782
8| 12.09675| 12.3326 -0.382| 7.01154( -0.0447
9| 12.27726( 7.37897| 1.13289( 6.78052| -0.01945
10| 7.68473| 8.63524 | 0.29277| 6.06258| 0.06053
11| 8.74052| 8.85472| 0.29668| 6.63587| 0.28168
12| 5.80693( 11.21198 | 2.05702| 6.96503| 0.11763
13| 7.36805| 10.15264 | 0.75407| 6.81931| 0.05357
14| 11.26387( 11.34422 | 1.12385| 5.46163| 0.21157

0.78121 0.07087 0.00366 -0.54171 —0.30204\
—0.00928

0.30565 0.76387 -0.16182 0.5448
0.33445 -0.08291 0.01484
0.42601 -0.57946 0.22045 0.63601

Plot of component scores(Y):

() ) )]

—0.05102 0.93726

-0.17215
-0.05435 0.26236 0.96176 -0.05128 0.02458)

@
v

13

12

11

Corrdations with original variables

0.99095 0.04562 0.0011 -0.12505 —0.01731\
0.60527 0.76768 -0.07598 0.19633 -0.00083
p-r =| 098402 -0.1238 0.01035 -0.02732 0.12462
0.79918 -0.55168 0.09806 0.21712 -0.01459
—0.20149 0.49357 0.84533 -0.03459 0.00412 )
I
+
L + .
+ +
+ +
+
L . .
+
+
| | | | |
4 6 8 10 12 14 16
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Fraction Total Variance Explained by each Principal Component:

Eigenvaluesand Total Variance: Fraction of Variance Explained by each:
6.931) 0.7413
1.785 Aj 0.1909
FE. .=
A= 039 Aj=9.35 J . FE =| 0.0417
2N DA
0.23 j j 0.0245
0.014 ) 0.0015 )
Scree Plot:

7
61 _
5 _
= _

Aj

00
3 _
= _
1F _
0 I I I I I
1 15 2 25 3 35 4 4.5 5

FEl + FE2 = 0.932

Sincethefirst two Principal Components" explain” ~93% of the Total Variance, they would seem to bereasonable
descriptions of thedataby themselves - thusreducing thedatafrom five dimensionsfor the original variables to two
linear combinationsthat arethePrincipal Components.

Note: Use of Principal Components Analysis (PCA) isas close as one can get to " guilt free" statistics!

Chosing the number of Principal Componentsto usein " data reduction" isajudgement call but doesn't depend on any
underlying statistical assumption (such as Normality of the original data). Graphing data in reduced dimensions of the
Prindpal Componentsisoften afirst step in interpretation or use of the data with our without further statistical
analysis.

A similar analysis might have been conducted using the Correlation Matrix R instead of Variance-Covariance Matrix S.
In general, theresults will be different. Whichtouseand interpretisalso ajudgement call, with no hard-and-fast

rules. Greatly different measurement scalesamongthe original variables generally supportsuse of correlations

instead of variance-covariance, but it much depends on whether scale per seisa mgjor part of the problem or something
theresearcher intendsto control. | recommend trying both approaches!
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Prepared by:
PRINCIPAL COMPONENTS ANALYSIS Wm Stein
ORIGIN =1 AND SINGULAR VALUE DECOMPOSITION
1 2 3 4 5
The 1970 Census provided tract information on 5 sodoeconomic 1(5935| 14.2(2265| 2.27| 291
variablesfor the Madison, Wisc. area. The data for 14tractsare 2 1523] 13110597 075 262
listed in J.W. Table 8.5, p. 470.
3 (2599 12.7|1.237| 111 1.72
Read in Data: 414009 15.2(1.649| 0.81( 3.02
5(4.687| 14.7| 2.312 25 2.22
M := READPRN("DATA\T8-5.DAT")
o M=|6|8044| 15.6(3.641| 451| 236
Sizing data array: 7 | 2766 13.3] 1244 1.03| 1.97
X = MT 8 | 6.538 1712618 2.39| 1.85
n = cols(X) N 14 rows(X) 5 9 (6.451| 12.9|3.147| 552 2.01
= = = W =
_ _ P P 10( 3.314| 12.2(1.606| 2.18| 1.82
t=1.n j=1.p 11|3.777] 13|2119| 283| 18
Ii:: 1 12| 1.53| 13.8(0.798| 0.84| 4.25
Mean vector (Xpa): 4_323\
1 14.014 1612 0186 0313 0099 0.456 )
Xpar = X'l Xpgr = | 1.952 ~28 -0914 -1.355 -1421 0.166
2171 -1.724 -1.314 -0.715 -1.061 -0.734
0364 0686 036 0329 -0234
Vo x<'>—xbar 3721 1586 1689 2339 -0.094
T -1.557 -0.714 -0.708 -1.141 -0.484
MC:: Y MC =
2215 2986 0666 0.219 -0.604
Variance/covariance (9): 2128 -1.114 1195 3349 -0.444
. . -1.009 -1.814 -0.346 0.009 -0.634
| := identity(n)
-0.546 -1.014 0.167 0659 -0.654
Si= x[1- LMK
PRI ) -2.793 -0.214 -1.154 -1.331 1.796
-1.555 -0.414 -0.616 -0.421 0.186
1 1 2262 0.88 0811 -0.261 0.716
Sy = Y- |__.|.|ﬂ.\(T )
n-1 n )
4308 1684 1803 2155 -0.253) 4308 1.684 1803 2155 -0.253)
1.684 1767 0588 0.178 0.176 1.684 1767 0588 0.178 0.176
It doesn't matter whether the > S=| 1.803 0588 0801 1065 -0.158| Sy =| 1.803 0588 0.801 1.065 -0.158
data matrix ismean-centered
for calculating S 2155 0178 1.065 1969 -0.357 2155 0178 1.065 1969 -0.357
-0.253 0.176 -0.158 —0.357 0.504 ) -0.253 0.176 -0.158 —0.357 0.504 )
Calaulate eigenvalues & eigenvectors
of variance/covariance matrix (S):
_ 6.931) 0.78121 0.07087 0.00366 -0.54171 -0.30204)
A = reverse(sort(eigenva(9)))
" 1.785 0.30565 0.76387 -0.16182 0.5448 -0.00928
gV = eigenvec(S,Aj) A =] 0.39 E =| 033445 -0.08291 0.01484 -0.05102 0.93726
0.23 0.42601 -0.57946 0.22045 0.63601 -0.17215

0.014 )

—0.05435 0.26236 0.96176 -0.05128 0.02458)
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Testing the |dentity SE = ED:
| := identity(p)

D. .= Aj
I

541461 0.12652 0.00142 -0.12434
211847 1.36362 -0.06305 0.12505
SE =| 231809 -0.148 0.00578 -0.01171
295269 -1.03442 0.0859 0.14598
-0.37673 0.46834 0.37475 -0.01177

Calcaulating Principal Component Scores (P) as
linear combinationsof M and E:

P:: McE

Calaulating loadings of original variables
on prindpal components.

NOTE:

Becertain that Eigenvalues(A) arein rank order
and that Eigenvector s (E) arein columnsin the
same rank order. Otherwise calculations below
will take into account thewrong entry in the
variance/ covariance matrix S.

i=1.p k:=1.p

Ek,i'\/xi jw Result 8.3, p. 429

VS

PiLk =

Eigenvector s (loadings):

Diagonal M atrix of
Eigenvalues (D) :

-0.00428 )
~0.00013
0.01327
-0.00244
0.00035 )

D=

6931 O 0 0
0 178 0 0
0 0 039 O
0 0 0 023
0 0 0 0

0
0
0

0
0.014 )

541461 0.12652 0.00142 -0.12434 —0.00428\

211847 1.36362

3-D=| 231809 -0.148
295269 -1.03442 0.0859 0.14598 -0.00244
-0.37673 0.46834 0.37475 -0.01177 0.00035 )

0.78121 0.07087 0.00366 -0.54171 —0.30204\

0.30565 0.76387 -0.16182 0.5448

—0.00928

E =| 033445 -0.08291 0.01484 -0.05102 0.93726

0.42601 -0.57946 0.22045 0.63601

-0.17215

—0.05435 0.26236 0.96176 -0.05128 0.02458)

p

1438 0.293
-3.535 0.083
-24 -0.644
-0.595 1.846
0.767 0.268
4,957 -0.045
-2.132 -0.063
2991 2.097
3172 -2.856
-1421 -16
-0.365 -1.381
-3.298 0.977
-1.737 -0.083
2158 1.109

0.441
—0.036
-0.744

0.046
-0.257

0.207
-0.618
—0.998

0.517
-0.323
-0.319

1.441

0.138

0.508

—0.06305 0.12505 -0.00013

0.00578 -0.01171 0.01327

-0.749 -0.201)
0.175 -0.167
-0.383 0.027
-0.063 0.048
0.379 0.159
0.254 0.039
-0.211 -0.002
0.563 -0.125
0332 -01
-0.386 -0.02
0.187 0.201
0.516 0.037
0.371 -0.027
-0.987 0.131 )

Corrdationswith original variables:

0.99095
0.60527
=| 0.98402
0.79918

0.04562
0.76768
-0.1238

0.0011 -0.12505 -0.01731)
-0.07598 0.19633 -0.00083
0.01035 -0.02732 0.12462

—0.55168 0.09806 0.21712 -0.01459
-0.20149 0.49357 0.84533 -0.03459 0.00412 )
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Plot of component scores (P):

4
ol N + _
+ +
+ +
(P)<2> o ++ +
+++ +
+
- _
+
-4 | | | |
4 2 0 2 4
(&)
(P)
PC1

Singular Value Decomposition of M ¢

Display of squares matrices:

2.947
5171
-3.686
~0.258
0.752
7.007
T | -3197
4.078
3.724
~2.36
~1.25
4216
2733
4,364

55.9982
21.8878
Mc -Mc = | 23.4361
28.0192
~3.2952

-5.171
12.562
8.387
2.236
—2.639
-17.497
7.516
-10.245
-11.392
4.837
1.187
11.772
6.199
—7.752

21.8878
229771
7.6443
2.3137
2.2821

-3.686 -0.258 0.752 7.007
8387 2236 -2.639 -17.497
6.878 023 -1.962 -12.121

0.23 377 001 -3.038

-1962 001 0.895 3.839

-12.121 -3.038 3.839 24.688

5698 1137 -1.573 -10.747
-8.007 2003 3.306 14.667
-6.287 -7.162 1.644 16.04
4829 -2.099 -1.584 -7.137
1937 -2.348 -0.465 -1.758
6.018 3802 -2.436 -15.965
3978 0863 -1.253 -8.487
-5892 0854 1468 1051

23.4361 28.0192 -3.2952)
7.6443 23137 22821

10.4087 13.8428 —2.0584
13.8428 25.6032 —4.6385
-2.0584 -4.6385 6.5569 )

-3.197 4078 3.724
7516 -10.245 -11.392
5698 -8.007 -6.287
1137 2003 -7.162

-1573 3306 1.644

-10.747 14.667 16.04
4974 -6.01 -6.971
—-6.01 14676 3.181

-6.971 3181 18.606

341 7498 -0.229
1.022 -3588 2.663

5971 8971 -12.34

3546 5296 -5.078
-4777 7.704 3.601

-2.36
4.837
4.829
—2.099
-1.584
—7.137
341
—7.498
-0.229
4.833
2.754
2457
2413
—4.627

PC 2

-125 -4216 -2.733 4364 )
1187 11772 6.199 -7.752
1.937 6018 3.978 -5.892
-2.348 3802 0.863 0.854
-0.465 -2.436 -1.253 1468
-1.758 -15.965 -8.487 10.51
1022 5971 3546 -4.777
-3588 -8.971 -5296 7.704
2663 -12.34 -5078 3.601
2754 2457 2413 -4.627
2217 -0501 0.768 -2.639
-0501 14.178 6.039 -5.81
0768 6.039 3182 -4.141
-2639 581 -4141 7.138 )

55.998 21.888 23.436 28.019 —3.295\

21.888 22977 7.644 2314 2282
(n—1)-S=| 23436 7.644 10.409 13.843 -2.058

28.019 2314 13.843 25.603 -4.638

-3.295 2.282

-2.058 —4.638 6.557 )

A For mean-center ed data thereisa direct relationship between squaresmatrix M ;"M & variance/covariance matrix S.
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Now for theSingular Vaue Decomposition:

i=1.n

U := submatrix(SVD, 1,n,1,p)

j==1.p
SVD := svd(M)

V = submatrix(SVD,n + 1,rows(SVD), 1,p)

AA = svds(M)

Matricesdisplayed:

AAdj j = AAj
-0.151 0.061 -0.196 0.433 0.469 \
0.372 0017 0.016 -0.102 0.39
0.253 -0.134 0.331 0.222 -0.064
0.063 0.383 -0.021 0.037 -0.112
-0.081 0.056 0114 -0.22 -0.37
-0.522 -0.009 -0.092 -0.147 -0.092
0.225 -0.013 0.275 0.122 0.005
V= -0.315 0435 0443 -0.326 0.292
-0.334 -0593 -0.23 -0.192 0.233
015 -0.332 0.144 0223 0.046
0.038 -0.287 0.142 -0.108 -0.469
0.347 0203 -0.64 -0.299 -0.087
0.183 -0.017 -0.061 -0.215 0.063
-0.227 023 -0.226 0571 -0.306 )

Singular Value Decomposition verified:

-2.8
-1.724
-0.314

0.364
3721
-1.557
2.215
2.128
-1.009
—-0.546
-2.793
-1.555

-0.914
-1.314
1.186
0.686
1.586
-0.714
2.986
-1.114
-1.814
-1.014
-0.214
-0.414

-1.355
-0.715
—-0.303
0.36
1.689
-0.708
0.666
1.195
—-0.346
0.167
-1.154
-0.616

2262 0.886 0811

-1.421
-1.061
-1.361
0.329
2.339
-1.141
0.219
3.349
0.009
0.659
-1.331
-0.421
-0.261

1612 0186 0313 0099 0.456 )

0.166
-0.734
0.566
-0.234
-0.094
-0.484
-0.604
-0.444
-0.634
-0.654
1.796
0.186
0.716 )

-0.781 0.071

-0.306 0.764

V=1 -0.334 -0.083

-0.426 -0.579

0.054 0.262

9.492

0
AAd=| O
0
0

Note:

0
4.817
0
0
0

-0.004 0542 0.302 )
0.162 -0.545 0.009
-0.015 0.051 -0.937
-022 -0.636 0.172
-0.962 0051 -0.025)
0 0 0 )
0 0 O
2251 0 O

0 1727 O

0 0 0429)

In theory matrix U hasdimensions nXn, V matrix is pXp, and AAd
isnXp, butin SVD columns beyond p in matrix U are zeroed out by
the AAd matrix with zerop+1 to n columns. MathCad'ssvd() and
svds() functions only report columnsof U and singular values in

AAd actually used in SVD.

Note that:

U-AAD-V! =

0) 1)

1

mearl ) = | 0 V] 2|1

1

0) 1)
1612 0186 0313 0.099 0.456 )
-28 -0914 -1.355 -1421 0.166
-1.724 -1.314 -0.715 -1.061 -0.734
-0.314 1186 -0.303 -1.361 0.566
0364 0686 036 0329 -0.234
3721 1586 1689 2339 -0.094
-1557 -0.714 -0.708 -1.141 -0.484
2215 2986 0666 0219 -0.604
2128 -1.114 1195 3.349 -0.444
-1.009 -1.814 -0.346 0.009 -0.634
-0546 -1.014 0.167 0659 -0.654
-2.793 -0.214 -1.154 -1.331 1.79
-1.555 -0.414 -0.616 -0.421 0.186
2262 088 0811 -0261 0716 )
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Thetwo mehodscompared:
PCA: SVD:
0781 0.071 0.004 -0542 —0.302\ -0.781 0.071 -0.004 0.542 0.302 \
0306 0.764 -0.162 0545 -0.009 -0.306 0.764 0.162 -0.545 0.009
E=| 0334 -0.083 0.015 -0.051 0.937 V =|-0.334 -0.083 -0.015 0.051 -0.937
0426 -0579 022 0636 -0.172 -0.426 -0579 -0.22 -0.636 0.172
-0.054 0.262 0.962 -0.051 0.025 } 0.054 0262 -0.962 0.051 -0.025 }

A Eigenvector sin the p-dimensional space of the variablesare the same
(although + vs- directions of vectorsmatter in UAAdV)

6.931) 90.104) 9.492") 90.104)
1.785 23.207 4817 23.207
A=]| 039 (n—1)-A =| 5065 AA = 2251 (AA j)z =| 5.065
0.23 2.984 1.727 2.984
0.014 ) 0.184 ) 0.429 ) 0.184 )

A Eigenvaluesof S are squared and scaled by 1/(n-1) compar ed with singular values
Since, from above, M TM = (n-1)S then (n-1)A = AA?

This makes sense since Sin PCA isa matrix of scaled sum of squares
wher eas matrix M.in SVD is the original data.

Pr gj ection of mean-center ed data onto eigenvectors:

PCA: SVD:
1438 0.293 0441 -0.749 —0.201\ -1.438 0.293 -0.441 0.749 0.201\
-3535 0.083 -0.036 0.175 -0.167 3535 0083 0036 -0175 0.167
-24 -0.644 -0.744 -0.383 0.027 24 -0.644 0.744 0.383 -0.027
-0.595 1.846 0.046 -0.063 0.048 0595 1846 -0.046 0.063 -0.048
0.767 0268 -0.257 0379 0.159 -0.767 0.268 0.257 -0.379 -0.159
4957 -0.045 0.207 0.254 0.039 -4.957 -0.045 -0.207 -0.254 -0.039
-2.132 -0.063 -0.618 -0.211 -0.002 2132 -0.063 0.618 0.211 0.002
Mk = 2991 2097 -0.998 0.563 -0.125 U-Ard = —2.991 2.097 0.998 -0.563 0.125
3172 -2856 0517 0332 -0.1 -3.172 -2.856 -0.517 -0.332 0.1
-1421 -16 -0.323 -0.386 -0.02 1421 -16 0323 038 0.02
-0.365 -1.381 -0.319 0.187 0.201 0365 -1.381 0.319 -0.187 -0.201
-3.298 0.977 1441 0516 0.037 3298 0977 -1.441 -0516 -0.037
-1.737 -0.083 0.138 0.371 -0.027 1.737 -0.083 -0.138 -0.371 0.027
2158 1109 0508 -0.987 0.131 } -2.158 1109 -0.508 0.987 -0.131 }

~ PCA projections (P=M_E=M_V) arethesame asscaling " In Singular Value Decomposition: M= UAAdV:
SVD matrix U by singular values AAd. - Rows of U may beinterpreted asdirections of objectsloaded
onto eigenvectors comprising PCA space.
Rows of U givedirectionality for objectsin PCA

space; when each column ismultiplied by the appropriate - Columnsof V represent eigenvector directionsof PCA space
singular value, points (objects) are correctly placed in in relation totheoriginal variables.
aPCA plat.

- Singular valuesrepresent scaling factors.
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PCA asa spectra decomposition of S:
4.308
1.684
1.803
2.155
-0.253 0.176

ZAE

) T

1.684
1.767
0.588
0.178

first component in spectral decomposition:

A1E

Z o AA RV

.
0

4.23
1.655
1.811
2.307

1.655
0.648
0.709
0.902

1.803
0.588
0.801
1.065

1811 2307
0.709 0.902
0.775 0.988
0.988 1.258

-0.294 -0.115 -0.126 -0.16
Same problem assinglular value decomposition M

-2.8
-1.724
-0.314

0.364
3721
-1.557
2.215
2128
-1.009
—0.546
-2.793
-1.555

-0.914
-1.314
1.186
0.686
1.586
-0.714
2.986
-1.114
-1.814
-1.014
-0.214
-0.414

-1355 -1
-0.715 -1.
-0.303 -1.
0.36
1.689
-0.708 -1.
0.666
1.195
—0.346
0.167
-1.154 -1.
-0.616 -O.
2262 0886 0811 -0

first component of singular value decomposition:

.
B2 a0

1123 0439 0481 0.612

-2.761
-1.875
—0.465
0.599
3.873
-1.665
2.337
2478
-111
-0.285
—2.577
-1.357
1.686

-1.08
-0.734
-0.182

0.234

1515
—0.652

0.914

0.969
-0.434
-0.112
-1.008
-0.531

0.66

-1.182
-0.803
-0.199
0.256
1.658
-0.713
1
1.061
-0.475
-0.122
-1.103
-0.581
0.722

-1.506
-1.023
-0.254
0.327
2112
—-0.908
1.274
1.351
—0.605
-0.155
-1.405
-0.74
0.92

0329 -0.234
2339 -0.094

0.219 -0.604
3349 -0.444
0.009 -0.634
0.659 -0.654

2155 -0.253)
0.178 0.176
1.065 -0.158
1.969 -0.357
-0.158 —0.357 0.504 )

-0.294")
-0.115
-0.126
-0.16
0.02 )

1612 0186 0313 0099 0.456 )
421 0.166

061 -0.734
361 0.566

141 -0.484

331 1.796

421 0.186
261 0.716 )

-0.078")
0.192
0.13
0.032
-0.042
-0.269
0.116
-0.163
-0.172
0.077
0.02
0.179
0.094
-0.117)

4308 1684 1803 2155 -0.253)
1684 1767 0588 0178 0.176
S=| 1.803 0588 0.801 1.065 -0.158
2155 0178 1.065 1.969 -0.357
-0.253 0.176 -0.158 —0.357 0.504 )

< Components repr esent partials of Sthat together
sum to S. Thus each component can be
viewed as representing the variance/covariance
of the data consulting only the appropriate
eigenvector/eigenval ue pairs in canonical directions
from greatest toleast variability in the data.

1612 0186 0313 0099 0.456 )
-28 -0914 -1355 -1421 0.166
-1724 -1.314 -0.715 -1.061 -0.734
-0.314 1.186 -0.303 -1.361 0.566
0364 0686 036 0329 -0.234
3721 1586 1689 2339 -0.094
-1557 -0.714 -0.708 -1.141 -0.484
2215 2986 0666 0219 -0.604
2128 -1.114 1195 3.349 -0.444
-1.009 -1.814 -0.346 0.009 -0.634
-0546 -1.014 0167 0.659 -0.654
-2.793 -0.214 -1.154 -1.331 1.79
-1.555 -0.414 -0.616 -0.421 0.186
2262 088 0811 -0261 0716 )

< Components represent partials of M. that together
sum to M= mean-center ed object locations in original

variablespace Thus each component can beviewved as
partial locations of objects (points) consulting only the
appr opriate eigenvector from greatest toleast differencein
U rotated to the space of the original variablesin M by

each eigenvector'sdirection in V.
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ORIGIN =1

PRINCIPAL COORDINATESANALYSIS

The 1970 Census provided tract information on 5 socoeconomic
variablesfor the Madison, Wisc. area. Thedata for 14tractsare
listed in J.W. Table 8.5, p. 470.

Read in Data:

M := READPRN("DATA\T8-5.DAT")

Sizing data array:

X:=M"

n:=cols(X) n=14
i=1.n j=1.p
|i =1

Mean vector (Xpa):

1
Xpar := —-X:|
n

Variance/covariance (S):

| := identity(n)

S:= 1 .X.(|_l.|.|ﬂ.xT
n

n-1

)

p := rows(X)

Xpar =

p=5

4.323

14.014
1.952
2171

2.454 )

Calaulating Squar ed Euclidean Distances between the objectsin M:

i:=1.cols(X) k:=1..cols(X)

i,k

0
25.852
17.197

7.233
2.339
13.621
14.316
9.466
14.107
125
7.664
25.557
11.596
1.358

25.852
0
2.667
11.861
18.735
72.245
2.505
47.727
53.953
7.721
12.406
3.195
3.347
35.204

- 976

17.197
2.667
0
10.188
11.697
55.807
0.457
37.568
38.058
2.052
522
9.019
2.104
25.799

Prepared by:
Wm Stein
1 2 3 4 5
1[5.935| 14.2]2265| 2.27| 2.91
2 (1523] 13.1|0.597| 0.75| 2.62
312599 12.7]1.237( 1.11| 1.72
4 14.009| 15.2(1.649| 0.81| 3.02
5|4.687| 1472312 25| 222
M=|6|8044| 15.6|3.641| 451| 2.36
7 |2766| 13.3]|1.244| 1.03| 1.97
8 | 6.538 17(2.618| 2.39( 1.85
916.451( 129]3.147| 552| 201
10| 3.314( 12.2|1.606( 2.18| 1.82
11| 3.777 13| 2.119( 2.83 1.8
12| 1.53( 13.8|0.798( 0.84| 4.25
4308 1684 1803 2155 -0.253)
1.684 1.767 0588 0.178 0.176
S=| 1.803 0588 0801 1.065 -0.158
2155 0.178 1.065 1969 -0.357
-0.253 0.176 -0.158 —0.357 0.504 )

On many occasions, data iscallected in distance form - asfor instance, base
differencesin alligned nucleotide sequences. Aslong as" distances' utilized obey
thetriangleinequality, PCO allowsordination of the data and plotting in a way that
isanalogousto PCA.

7.233
11.861
10.188

0

4.645

34.535
6.47

14.44
36.702
12.802
10.684
10.343

5.226

9.199

2.339
18.735
11.697
4.645

0
17.905

9.014

8.959
16.213

8.896
4.041
19.945

6.584

5.096

13.621
72.245
55.807
34.535
17.905
0
51.155
10.029
11.214
43.795
30.42
70.796
44.845
10.806

14.316 9.466
2505 47.727
0.457 37.568

6.47 14.44
9.014 8.959
51.155 10.029

0 31.67
31.67 0

37.522 26.92
2.986 34.503
5.147 24.068
7.211 46.795
1.066 28.45

21.667 6.406

14.107
53.953
38.058
36.702
16.213
11.214
37.522
26.92
0
23.897
15.497
57.464
31.944
18.543

12.5
7.721
2.052

12.802
8.896
43.795
2.986
34.503
23.897
0
154
14.096
3.188
21.223

7.664
12.406
522
10.684
4.041
30.42
5.147
24.068
15.497
154
0
17.397
3.863
14.633

25.557
3.195
9.019

10.343

19.945

70.796
7.211

46.795

57.464

14.096

17.397

0
5.282
32.936

11596 1.358
3.347 35.204
2104 25.799
5226 9.199
6.584 5.096
44,845 10.806
1.066 21.667
2845 6.406
31.944 18543
3.188 21.223
3.863 14.633
5282 32.936
0 18602
18602 0 )
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Transforming distances to produce matrix A:

A:=-0.5D
1
Apar = —-Al
n

Aj k= Ai K™ Abari - Abark + mean(A)

2047 5171 -3.686
5171 12562 8387
3686 8387 6.878
0258 2236 023
0752 -2639 -1962
7007 -17.497 —12.121
3197 7516 5698

A=| 4078 10245 8007
3724 -11392 —6.287
236 4837 4829
125 1187 1937
4216 11772 6018
2733 6199 3978
4364 7752

—-0.258
2.236
0.23
3.77
0.01
-3.038
1.137
2.003
-7.162
—-2.099
-2.348
3.802
0.863

0.752
—-2.639
-1.962

0.01

0.895

3.839
-1.573

3.306

1.644
-1.584
—0.465
—2.436
-1.253

-5.892 0.854 1.468

-5.815 )

~10.622

~7.78

-6.226

-4.788

~16.685

-6.828

Abar=| 11 679
~13.644

-6.757

-5.449

~11.43

-5.932

-7.91 )

7.007 -3.197 4.078
-17.497 7516 -10.245
-12121 5698 -8.007
-3038 1137 2003
3839 -1573 3.306
24.688 -10.747 14.667
-10.747 4974 -6.01
14667 -6.01 14.676
1604 -6971 3.181
~7137 341 -7.498
~1.758 1.022 -3.588
-15.965 5971 -8.971
-8.487 3546 -529
1051 -4777 7.704

3724 -2.36
-11.392 4.837
—6.287 4.829
-7.162 -2.099
1644 -1.584
16.04 -7.137
-6.971 341
3.181 -7.498
18.606 -0.229
-0.229 4.833
2663 2754
-12.34 2457
-5.078 2413
3601 -4.627

-1.25
1.187
1.937
—2.348
—-0.465
-1.758
1.022
-3.588
2.663
2.754
2.217
-0.501
0.768
—-2.639

-4.216
11.772
6.018
3.802
—2.436
—15.965
5971
-8.971
-12.34
2457
-0.501
14.178
6.039
-5.81

-2.733
6.199
3.978
0.863

-1.253

-8.487
3.546

-5.296

-5.078
2413
0.768
6.039
3.182

-4.141

4.364
~7.752
-5.892
0.854
1.468
1051
-4.777
7.704
3.601
-4.627
-2.639
-5.81
-4.141
7.138 )
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Calculate eigenvalues & eigenvectorsof matrix A

90.104
A= reverse(sort(eigenvals(A))) 23.207
j ) 5.065
E 7 := eigenvec| A, A
genvec(A. ) 2.984
0.184
Remember:
5808x 10 =~ | E=
Eigenvectors are 15
automatically scaled to 3.242x 10
unit length! 15
A=11179x 10
( _
|E1>| =1 1179x 107 °
0
1176 x 10
1982 x 10
4352x 10
Scaling the Eigenvectors of A by the _15
squar e root of non-zero eigenvaluesin A: -4.352 x 10 )
EE, = EijyA e - 902
Scaled eigenvectors (matrix EE) represent the obj ect
coor dintatesin PCO space.
Each row represents an object. Asin PCA, chooseonly the
first few PCO coordinates to represent thedata. Here, the
first two coor dinates would seem to be enough:
m=1.2
EEmi’m = EE |
3 T+
= _
+
+
1 _
+
EEm<2> or + + + +
+++ ot
-1 4 +
-3 | | | |
—6 —4 -2 0 2
)

EEm

-0.15145
0.37239
0.25286
0.06271

—-0.08077

—-0.52226
0.22457

-0.31513

—0.33415
0.14967
0.03844
0.34749
0.18303

-0.22739

—0.06074
-0.01715
0.13377
—0.38318
—0.05561
0.00931
0.01306
—0.43536
0.59293
0.33215
0.28659
—0.20274
0.01716
—-0.23019

—0.19572
0.01617
0.33077

—0.02063
0.11427

—0.09195

0.2746
0.4435

—0.22959
0.14369
0.14195

—-0.64019

—-0.06128

—0.22557

0.43333
-0.10156
0.22166
0.03658
-0.21951
-0.14727
0.12188
-0.32588
-0.19214
0.22348
-0.1084
~0.29896 0.08661
-0.2146 -0.06271
057137 0.30561 )

~0.46903 "
-0.38977
0.06355
0.11175
0.36973
0.09172
~0.00529
-0.2918
-0.23294
-0.0465
0.46906

-1.438
3.535
2.4
0.595
-0.767
—4.957
2.132
-2.991
-3.172
1421
0.365
3.298
1737
-2.158

—-0.293
-0.083
0.644
-1.846
—-0.268
0.045
0.063
-2.097
2.856
16
1.381
-0.977
0.083
-1.109

-0.441 0.749
0.036 -0.175
0.744 0383
-0.046 0.063
0.257 -0.379
-0.207 -0.254
0618 0211
0.998 -0.563
-0517 -0.332
0.323 0.386
0.319 -0.187
-1.441 -0516 0.037
-0.138 -0.371 -0.027
-0508 0987 0.131 )

-0.201)
-0.167
0.027
0.048
0.159
0.039
-0.002
-0.125
-0.1
-0.02
0.201

EE =

Compare thisplot with the PCA plat of the
same data in the PCA & SVD worksheet.

Note that PCA/PCO directions& therefore
handedness of the coordinate system for the
plots may differ, but are unimportant.
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Comparing PCO and Singular Value Decomposition (SV D):

(seethe PCA SVD.mcd wor ksheet)

p:= 1..rows(X)

Aj=

EE =

90.104)

23.207
5.065
2.984

Thefirst p (= original dimenion of variablesin the data) Eigenvalues of matrix A - a
transfor mation of original distance matrix D - represent the SQUARE of the singular
values(AA)in SVD).

0.184 )

-0.151
0.372
0.253
0.063

-0.081

-0.522
0.225

-0.315

-0.334

0.15

0.038
0.347
0.183

-0.227

-1.438
3.535
2.4
0.595
-0.767
—4.957
2.132
-2.991
-3.172
1421
0.365
3.298
1737

-2.158

-0.061
-0.017
0.134
—-0.383
-0.056
0.009
0.013
-0.435
0.593
0.332
0.287
-0.203
0.017
-0.23

-0.293
-0.083
0.644
-1.846
—0.268
0.045
0.063
-2.097
2.856
16
1.381
-0.977
0.083
-1.109

-0.196
0.016
0.331

-0.021
0.114

—-0.092
0.275
0.443
-0.23
0.144
0.142
—0.64

-0.061

0.433
-0.102
0.222
0.037
-0.22
-0.147
0.122
-0.326
-0.192
0.223
-0.108
-0.299
-0.215

-0.469")
-0.39
0.064
0.112
0.37
0.092
-0.005
-0.292
-0.233
-0.046
0.469
0.087
-0.063

-0.226 0571 0.306 )

-0.441
0.036
0.744

—-0.046
0.257

—-0.207
0.618
0.998

-0.517
0.323
0.319

-1.441

-0.138

—0.508

0.749
-0.175
0.383
0.063
-0.379
-0.254
0.211
—0.563
-0.332
0.386
-0.187
-0.516
-0.371
0.987

-0.201)
-0.167
0.027
0.048
0.159
0.039
-0.002
-0.125
-0.1
-0.02
0.201
0.037
-0.027
0.131 )

The matrix of Eigenvectorsin PCO corresponds to the matrix
Uin SVD.

Eigenvector sof matrix A SCALED by their associated
SINGULAR VAL UE lengths (= squareroot of A;) represent a

projection of mean centered data(ME = MV = U:AAd) onto the
eigenvectorsin PCA.
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ORIGIN =1

PRINCIPAL COORDINATESANALYSIS
MAPEXAMPLE

| measured linear distances (in mm) between citieson a

map of New York State;

BUR - Burlington VT
ALB - Albany

BNG - Binghamton
WHP - White Plains
BUF - Buffalo

ITH - Ithaca

JAM - Jamestown

Read in Data:

BUR ALB BNG WHP BUF ITH .]AM\\

ALB
BNG
WHP
BUF
ITH
JAM

D := READPRN("DATA\NYMap.DAT")

Sizing data array:
n:=cols(b) n=7
i:=1.n k:=1..n
l..=1

Squaring Distancesand transforming to produce matrices A & A:

2
D = (D.
Sk ( I,k>
A = -0.5Dg
1
Apar = —-A-l
n

Aj k= A K™ Abari - Abark + mean(A)

18115.25
7797.196

—2503.643

307.607

—8146.661
—2434.786

7797.196
5943.143
-12.196
5471.554
-8079.214
-1667.464

-13134.964 -9453.018

Abar =

—2503.643
-12.196
593.464
1672.214

-337.679
157.696
430.143

92
154
170
214
153
244

80
183
98.5
200

154

93
1125
26.5
122

—1.356 x 104\\

—7472.589
—4797.75

_1.02x 10*

-1.019 x lO4

-4713.107

1.208 x 10*)

307.607
5471.554
1672.214

11399.964
—9414.304
-1287.929
—8149.107

—8146.661
-8079.214
-337.679
—9414.304
11387.429
2121.304
12469.125

Prepared by:
Wm Stein

170 214
80 183
93 1125

0 204

204 O
120 87
207 40

—2434.786
-1667.464
157.696
-1287.929
2121.304
424.179
2687

153 244
98.5 200
265 122
120 207
87 40
0 101
101 0 )

~13134.964
-9453.018
430.143
-8149.107
12469.125
2687
15150.821
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Calculate eigenvalues & eigenvector sof matrix A: 47659.872 )
A= reverse(sort(eigenvals(A))) 15306353
o 265.653
l .
E" = e|genvec(A,Ai) A= 87.587
5802 x 107 2
Remember: —48.653
Eigenvectors are ~256.562 )
automatically scaled to -0.48511 -0.67134
itl h!
unit fengt 0.35305 0.03599
| <1>| 0.01709  0.1963
Erl=1 E=|-030789 0.66668
0.46676 —0.25426
0.09892 0.01588
0.56328 0.01075
Scaling the Eigenvectors of A by the
squar e root of non-zero eigenvaluesin A:
(1 —-105.905 -83.057
EE. | := E;j k'w,Ak |EE | = 218311
i,k >
—77.075 4.452
Scaled eigenvectors (matrix EE) represent the
object coordintatesin PCO space. 3.73 24.286
EE=| _
Remember, the original dimensionality of the 6r.217 82481
problem was a two-dimensional map... 1019 -31.457
m:=1.2 21596  1.965
EEm = EE _
t.m ’ 122.97 1.33
150 T
100~ ]
+
50 [~ .
+
(- EEm)<2> oF + + + .
+++ +
-50 _
+
-100 _
— | | | | |
150
—150 —100 —50 0 50 100 150

—-0.28583 0.07421 0.37796
051771 01939 0.37796
0.56258 -0.31599 0.37796
-0.54369 -0.10069 0.37796
-0.16649 -0.64022 0.37796
0.01662 0.14346 0.37796
—0.1009 0.64532 0.37796

0.03901 0.28703
0.29023 -0.58426
-0.01212 0.63389
0.10965 0.01092
0.17293 -0.32729
-0.88822 -0.19317
0.28851 0.17288 )

-4.659 0.695 2.879x 10 ! 0.272i 4.598i \
8438 1815 2879x 10 ! 2.024i -9.358i
9.169 -2957 2.879x 10 ! —-0.085i 10.153
-8.862 -0.942 2.879x 10 ! 0.765  0.175i
-2.714 -5992 2.879x 10 ! 1.206i -5.242i
0271 1343 2879x 10 ! -6.195i —3.094i
-1.645 6.039 2.879x 10 ! 2.012i 2.769i )

So, from a distance matrix (D), one can use
PCO toreconstruct a reasonable
approximation for map coor dinates...

PCO 3 (small in comparison with PCO 1 & 2)
might be used to graphically represent an
error-in-plot term.

| turned around both PCO axesto allow
representation of themap in its usual
orientation and | fixed the graph axesto plot
equal scales. Note, however, that | didn't
correct for map rotation! North does not
correspond toany PCO axis.
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CLASSIFICATION AND DISCRIMANT FUNCTIONS

USING LINEAR AND QUADRATIC ECM RULES prepared by:
ORIGIN = 1 jw606.mcd Wm Stein
Table11.2, p. 607 Salmon Data for Example 11.7
M= READPRN("\DATA\Tll—Z.dat" LS Salmon Canadian Salmon Total Data Set
i:=1.50 j=1.2
1] 2 1] 2 1| 2|3 |4
Ui, i Mi, +2 1| 108|368 1| 129|420 1 1| 2108|368
2| 131355 2 | 148|371 2 1| 1]131]355
Ci, i Mi+50, i+2 3 | 105| 469 3| 179|407 3 1| 1105|469
o 4| 86|506 4 | 152] 381 4 1| 2| 86506
Summary Statistics: 5| 99402 5| 166 377 5| 1| 1| 99402
ny:=50 ny:= 50 6| 87|423 6 | 124| 389 6 1| 2| 87423
7| 94| 440 7 | 156 419 7 1| 1| 94| 440
In =1
i U=|8|117| 489 C=|8|131]345 M=|8 1| 2117|489
Mean vectors: 9| 79432 9 | 140( 362 9 1| 2| 79| 432
1 7 10| 99| 403 10| 144 345 10 1| 1| 99403
Ubar :n_l'U In 11| 114] 428 11] 149] 393 11| 1| 1114|428
12| 123|372 12| 108| 330 12| 1| 2123|372
Char == i.CT.|n 13| 123( 372 13| 135( 355 13| 1| 1|123|372
n2 14| 109| 420 14| 170| 386 14| 1| 2109420
Variance-covariance matrices. 15( 112| 394 15( 152| 301 15 1 2| 112|394
| identity(nl) 16| 104 | 407 16| 153| 397 16| 1| 1104|407
Sy= — .uT.(|_i.|n.|nT\u ubarz(g&%\ <verified p. 658> Cp, :(137'46\
Tmp-1 N 429.66 ) o 366.62)
__1 (I_ 1 -|n-|nﬂ-c :(260.60776 ~188.09265 :(326.0902 133.5049
n -1 no ~188.09265 1399.08612 ) 133.5049 893.26082 )
np-1 np-1 (293.34898 ~27.29388 . . ,
= . = < poadled variance-covariance matrix
ng+np—2 ng+np—2 —27.29388 1146.17347} Eq. 6-21p. 284 & Eq. 11-17 p. 592

Estimated LI NEAR Minimum Expected cost of Misclassification (ECM) Rule- Eq 11-18
Assumingequal costs of misclassification, equal prior probabilities, and common covariance matrix :

discriminant coeffidents a5 - EQ. 11-19:

ahgt = (Ubar — Cbar)T'Sp_ 1 ang = (—0.12839 0.05194) < valuescheck with jw p. 608.
linear transformation of means:
T.-1
YbarU = (Ubar = Coar) *Sp ~Ubar YbarU = (9.68714)
T.-1
ybarc = (Ubar — Coar) *Sp Char Ybarc = (1.39527)
midpoint:
1 T -1 1
m = E'(Ubar ~ Coa) *Sp ~(UYbar + Coar) m = (5.5412) E'(Ybaru + Ybarc) = (5.5412)

A valuefor m checkswith jw p. 608
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Assigning training set to classes:
i:=1.100

MM; =M 2

class = |:ahat'(M |\/|T><i>J1

zero. .= class — m
| | 1

Solving for discrimination
boundary:

anat Xo=M < from Eq. 11-18
L eéssuggest some values for the
second coor dinate for xg

350

400
27| 450

500 )

m - (ahatT)z'XZ
Xpi=——F7——

(ara”),

X := augment(x1,x2)

e — 98.38
bar =\ 429.66 )

1 2 1 1
1] 108| 368 1| 5.24924 1] -0.29196
2 (131|355 2 1.62107 2 [ -3.92013
3 [ 105] 469 3 | 10.88066 3 [ 5.33945
4| 86| 506 4] 15.24191 4| 9.70071
5| 99| 402 5| 8.17079 5[ 2.62959
6 87|423 6 | 10.80224 6 [ 5.26104
7| 94| 440 7 | 10.78657 7| 5.24536
MM =g | 117|489 class=| g | 10.37887 zero=| 8 | 4.83767
9| 79/(432 9| 12.29683 9 6.75563
10| 99| 403 10| 8.22273 10| 2.68153
11| 114 428 11 7.5955 11 2.0543
12] 123] 372 12 3.5312 12 -2.01
13| 123]| 372 13 3.5312 13 -2.01
14] 109| 420 14| 7.82189 14| 2.28069
15| 112| 394 15| 6.08621 15| 0.54501
16| 104 | 407 16| 7.78857 16| 2.24737
e
98.44345 \ Smceyveknowm and a4, and we supply the second
coordinatefor x,, we can rearange Eq. 11-18 and solve
X1 = 118.67252 for theother coordinate. Thelineprovide by these
138.9016 valuesfor xq constitute the descriminant dividing line
159.13067) betwe_en the populfati_ons (I_haveonly been ableto solve for
coordinateslikethisin thelinear bivariate case).
550
%o
500 [~ .
< o
o <o
U@ o 8o °
&
c? 450 o <>g -
ooo 4 o < 4
X<2> OO o <>+<> o o
< m O
Ubar o O
2 L o ° ¢ o . —
+++ 400 o o9 O o 5O
C ° o o g - o
bar = oo OQg
+++2 @ o 0O Hy o
O
(3 DD +E|
L [l <0 Ono n
350 0 O g b
m] gO
g
O
300 | | | | | =
40 60 80 100 120 140 160 180
U(1> v

,C7 L, X7 ,u ,C
barl barl
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Estimated Quadratic ECM Rule- Eq. 11-25for different Z; & X,
Assumingequal costs of misclassification, equal prior probabilities:

1 Su 1 - - .
WEESRELT AN —(ubarT-sU L Ubar - Crar' -Sc 1-Cbar) k = (31.47367) <jw Eq. 11-24
2"\|sd )" 2
-1 -1 T -1 To-1
A::(SU - S ) B::(ubar 'SU” - Cpar -Sc )
X:= MMT
1 Nt o o ‘\ < Eq. 11-25equal prior probabilities equal cost
class = _—-((X' )) AXY +BXY —k boundary in classis0 below:
2 )4
0 0) ,
Z:= < drawszeroline on graph below
100 0)
1
1| -0.01682
2 | -3.05643 20 N
3 8.64557 +
4| 17.22453 +
+ 4
5| 3.43988 0 . +u TS .
+
6| 7.01394 # +
+ ++
+ -F" ++ ++
7| 7.70225 dlass fohbe N
class=| 8 | 7.98143 +++ o +++ b R .
(2 ' Nt + R T ooy F +
9| 9.12927 z + #1 + TR 4+++}4+
—_— +
10| 352258 AT Ty : +4
o+
11| 3.25071 ~10 N |
12| -1.4888
13| -1.4888
14| 3.45272 20 | | | |
15| 1.13322 0 20 40 60 80 100
16| 3.16997 i 2V
Statistical distance between population means (D?):
Dsg = (Upar - cbar)T-sp‘ 1.(u.Dar ~ Cpar) Dsy = (8.20187)  <Multivariate Statistical distance between population

means - p. 610

Fisher'slinear discriminant function isthe ssme asthelinear ECM rule above

YbarU — YbarC = (8.29187) < location of population meansalong the discriminant axis
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CLASSIFICATION AND DISCRIMANT FUNCTIONS
USING LINEAR FISHER'S DISCRIMINANT FUNCTION FOR TWO GROUPS
ORIGIN = 1 jw611.med

Table8.1p.300inA. C. Rencher
M := READPRN("\DATA\STEEL .DAT" )

Total Data Set
XlZI submatrix(M,1,5,2,3) 11213
1| 1/33|60
X2 := submatrix(M, 6,12, 2,3)
2| 1(36]|61
- 3| 1(35|64
Summary Statistics:

_ 4| 1(38]|63
ng := rows(X1) n=5 i=1.m s 57\ B (70 e5
no = rowg Xo no=7 ii:==1..no M=[6| 2|35]|57

12 33 60) 36 59
In=1 llp =1 36 61 38 59 7| 2%5|%9
n = n. = 8| 2(38(59
y o X1=|35 64 Xo=|39 61 o1 203961
ean veaors s 38 63 41 63 ol 2141063
X1pgr = i-xlT-ln learz( 4 40 65) 43 65 11| 2|43|65
1 626 41 59) 12| 2[a1]59
1.7 39 )
X2par = —Xo -l X 2par =
bar = 1, 2 bar (60.42857 )
Variance-covariance matrices:
| == identity(ng) 11 := identity(ny)
1 1 73 4.2
S = Xy 1 - —-|n-|nﬂ-x1 S = )
ni-1 ny ) 42 43)
1 1 8.33333 6.66667
Sy = Xol - —-||n-||nﬂ-x2 - )
np—1 np ) 6.66667 7.61905 )
np-1 np-1 792 568 ) . : ,
= S1 + ) S= < pooled variance-covariance matrix
ng+ng—2 ~  np+np-2 5.68 6.20143 ) Eq. 6-21p. 284 & Eq. 11-17 p. 592

Estimated LI NEAR Minimum Expected cost of Misclassification (ECM) Rule- Eq 11-18
Assumingequal costs of misclassification, equal prior probabilities, and common covariance matrix :

discriminant coeffidents a4 - EQ. 11-19:

anat = (Xlpar — X2par) -Sp apat = (~1.63338 1.81978)
linear transformation of means:

Ybar, = (X2par - xzbar)T-sp‘ 1-x1bar Yoar, = (54.46324)

Ybar, = (X Lpar - Xzbar)T'Sp_ 1')(Zbar Ybar, = (46.26494)
midpoint:

1 . 1
= 2 (Xlpar - X2bar) Sp (X Tper + X2b) m = (50.36409) >+(Vber, + Yiar,) = (50.36409)
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66

&
(e]e)
X2<?>

+++

56
32

o
o
+ +
I I
36 38
v @

Xl 5X2

42
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FISHER'S SAM PLE LINEAR DISCRIMINANTS FOR SEVERAL POPULATIONs Prépared by:
ORIGIN =1 . Wm Stein
jw 631.mcd
Usingjw Table11.7 Crude-Oil Data.
, - | f . g 1 2 3 4 5 6
Five variables (columns) from three sandstones 1 1 391714141 04472 01416 | 12.19
Reading the Data: 2 1 27 7| 0.2646 | 0.1401| 12.23
M := READPRN("\DATA\T11-7transxt" ) 3 1| 28 6]05477| 01429 11.3
71 = submatrix(M,1.7,2.6) 4 1 3.1|6.7082] 0.2828 | 0.1389 | 13.01
5 1 35(6.7823] 0.3162| 0.128| 12.63
np = submatrix(M,8,18,2, 6) p:=5 <variables 6 1 39]6.5574]| 02646 0.16] 10.42
_ — <groups 7 1 2.7 5.9161 0| 0.1957 9
73:= submatrix(M, 19,56, 2, 6) g:=3 <group
7 8 2 5| 6.8557 | 0.2646 | 0.1416 6.1
9 2 3.456569]04472[ 01718 4.69
ki=1..9 n = rows(nk) n=|11
10 2 1.2 | 3.4641 o|lo0.1805| 3.15
Summary Statistics: 38} 11 2 8.4 4.1231 | 0.2646 | 0.1585 4.55
3.22857
Sample means: 3 12 2 4.2 6| 0.7071] 0.1081| 4.95
- 6.58649 13 2 42]59161|07071[ 01757 2.22
i1:= 1.n Inlilzzl Xbar, = n—-nl Im Xbar, = 0.3033 | M =(14 2 3.9 6.4031| 0.3162 | 0.1776 2.94
1 0.1496 15 2 3.9 6| 0264601616 227
1154 ) 16 2 7.3|5.6569| 05477 | 0.1247 | 12.92
17 2 4467823 0.2646 | 0.1326| 5.76
4.44545 ) 18 2 3| 5.4772 001953 10.77
- 5.66685 19 3 6.3 3.6056 | 0.7071 | 0.2358 | 8.27
i2:=1.n, Inzizzzl Xbar,, = n—-nz In2 Xbar, = 0.34397 20 3 1.7 | 2.3664 1|0.1757| 4.64
2 0.15709 21 3 7.3| 4.899 0[0.2304| 2.99
5.48364 ) 22 3 78| 42426 0.7071 | 0.2551| 6.09
23 3 7.8 5| 0.8367 | 0.1855 6.2
7.22632)) 24 3 78| 5.009 11 0.1992 25
4.63367 25 3 95(4.1231[ 0223602841 571
. 1 T
ig:=1.n, In3i3::1 Xbar,, = n—-ns In3 Xbar, = 0.59812 26 3 7.7|3.7417)| 05477 | 0.2151| 8.63
3 0.22317 27 3 11| 4.4721| 0.7071 | 0.2342 8.4
5.76789 ) 28 3 8| 3.7417| 05477 | 0.2315| 7.87
Grand mean:
T := submatrix(M,1,56,2,6) N:= rowslT) N =56 6.18036")
5.08072
. 1 7
i=1.N Iy:=1 XbarGM = N.H In XparGM = | 0.51135
|
0.201
6.43357 )
Beween matrix - Eq. 11-60 p. 630:
135.67315 -60.06734 10.94189 2.78134 -113.84136)
—60.06734 27.2449 -4.74615 -1.20156 59.0074
B:= Z nk'(xbark—XbarGM)'(Xbark—XbarGM)T B=| 1094189 -4.74615 0.89727 0.22881 -7.88271
k=1 278134 -1.20156 0.22881 0.05839 -1.93937

-113.84136 59.0074 -7.88271 -1.93937 209.2942 )
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Variance-covariance matrices:

e 028905 0.12961 0.02547 -0.00322 0.14533 )
= Identity(n
! y( 1) 0.12961 0.22105 0.02083 —0.00686 0.48575
1 1
S, = -an- |1——-|n1-|n1ﬂ-n1 S, =| 002547 0.02083 0.02934 -0.00281 0.1343
1" n -1 n 1
1 1 -0.00322 -0.00686 —0.00281 0.0005 —0.02969
0.14533 048575 0.1343 -0.02969 2.00187 )
Iy identity(nz) 385273 011825 0.16131 -0.02471 226992 )
0.11825 1.07552 0.09241 -0.01016 0.26195
1 1
S, = — 1-752T~(I2— n—'|n2'|n2T o S,=| 016131 009241 005785 -0.00352 -0.06325
2 2 -0.02471 -0.01016 -0.00352 0.00073 -0.02241
226092 0.26195 -0.06325 -0.02241 11.83825 )
o 3.98145 -0.00011  -0.15669 0.03673 151625
I3:= |dent|ty(n3) .
~0.00011 0.80292 0.02917 1.67077 x 10 ~ —0.91287
1 1
Syi= — 1-n3T~(I3—n—-|n3-|n3T\-n3 S, = | ~0.15669 0.02917 0.07636 —0.00626 0.06447
3 3 _
003673 167077 x 10 ° —0.00626 0.00181 -0.01606
353916 0.03691 -0.07607 0.02061 150325 )
g
0.03691 0.78848 0.04016 -0.00269 —-0.53287
Spooled = Z (”i— 1)3
9 = Spooled = | —0.07607 0.04016 0.06755 -0.00535 0.04828
Z (ni) -9 0.02061 -0.00269 —0.00535 0.00146 —0.0188
=1 , 150325 -0.53287 0.04828 -0.0188 6.37779 )
Njw Eq 11-50p. 618
Within matrix - Eq. 11-61p. 630: 187.57524 195623 -4.03151 1.00245 79.67229
g 1.95623 41.78941 2.12844 -0.14274 —28.24236
W= z (nk— 1)-sk W=| -403151 212844 357995 -0.28354 255869
k=1 1.09245 -0.14274 -0.28354 0.07712 -0.99629
79.67229 -28.24236 2.55869 -0.99629 338.02289 )
Discriminant matrix (W-1B):
0.9993 -0.4673 0.07684 001935 -1.16736 ) N ( ( By s(w‘ls))) 435423 )
= reverse\ sort\ eigenv .
2298 1.06251 -0.17853 —0.04504 2.52449 g 0.5594
w LB =| 94922 413217 077615 019782 -7.03453 i=1. rank(w‘ 1-5) A= 0
4340659 -17.6293 3.74035 0.96264 -15.42337 0
-0.70824 03528 -0.0512 -0.01272 1.11303 ) o )

Descriminant function coegffidents:

s<i> = eigenvec(w_ 1-B,ki)

-0.02569 -0.00691 )
0.05843  0.01
-0.22745 0.08335
-0.9715 0.99633
0.01938  0.01539 )

Canonical Correlations:

Aj 0.90179)
r=|——m 1r=
o1+ 0.598% )
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Scaling eigenvectorsinto linear discriminant coefficients:

T 000677 0 )
& ~Spooled& = 0 000166 <Notethat &S, ,jeq are not unity
by (o7 o)
s (sl Spooled® ) L = (0.00677 0.00166)
-0.3122 -0.16954 ) _ o .
<Same as scaled eigenvectors(e) in jw313 citing Rencher
o 1O e 0.70997  0.24557
a = € < discriminant
Hin;il coefficients =| —276375 2.04605 aT e 1 0\ < coefficientsa are now scaled
~11.80485 24.45877 Spooled 01) so that aT S ggeqa ar e unity
_ 0.23549 037782 )
j=1.p
9j = Spooled -0.58733 -0.31895) < standardized discriminant coefficients as described by
h] 0.63043 0.21806 Rencher and in jw313
diag(\ﬁ))-a: -0.71829 0.53176 These may be used to determinethe " importance" of each
—04503 0.93299 original variablewith regard to each discriminant function
axiswithin the context of the other variables.
0.5947  0.95417 )

Discriminant scor es:

object scores: < Each ROW represents apoint transformed mean Scor es.
yhatny :== mp-a from theoriginal data matrix w, @,, Or m,. T
Yhatbark = Xbark -a
yhatry = np-a First COLUMNS arefirst discriminant scores
Second COLUMNS are second discriminant scores Ymeans — StaCk(YhaIbarlaYhatbarZaYhatbar3)
yhatng := n3-a Discriminant scores may be plotted asa summary
of thedata
3.78154 9.70976)
11 ) I I Ymeans= | 1.12168 7.25581
o ©° ~1.8956 8.77433 )
o
10 ° XX
X X
+ <
S o : X
o
%) | OCB o + X |
yhatrtl 9 ® % o o
XXX o %
h 2 8o o
yhatm, o (@)
+++ s8I o ]
yhatTE3<2> o o o +
000
(2 ° + o
Y means | + + i
< ° 45 o + +
ty
6 — —
+
5 | | | | | | | |
—4 -3 -2 -1 0 1 2 3 4 5
yhatnl<1> s yhatn2<1> , yhatrc?,<1> , Ymeans< D
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Mean Centered Discriminant scores (£):

j==1.p
object scores:

= 1..n1

Cli’j = XbarGM, ~ (nl)iyj

yhatCs == C1-a

= 1..n2

C%,,— = XbarGM, ~ (“2)i,j

yhatCo := {2>-a

= 1..I’13

C3i,,- = XbarGM, ~ (“3)i,j

yhatCz:= C3-a

mean SCor es:

Yhatbark = ((XbarGM - Xbark)T)'a

-4.40897 -1.48356
-5215 -1.2571
-3.43934 -1.29092

yhatt1 = | -5.0305 -1.42021 293326 1.44765

-4.90511 -1.02876
-3.86498 —0.74783
~3.75978 —0.58907 )

-1.38846 0.89125
~1.28006 2.3408
06328  2.8674
~1.47719 1.87064
yhatto = | 0.02326  1.2693
-1.64362 1.58014
~153115 2.42919
-2.38718 —0.61066
-3.09465 1.71254
~3.77605 -1.0894 )

< Each ROW represents apoint transformed hett  —
from the original data matrix x;, 7, Or m,. yhatcs =

First COLUMNS arefirst discriminant scores

Second COLUMNS are second discriminant soor es
Ymeans:= StaCk(YhaIbarl’Yhatbafz’Yhatbar3) Discriminant scoresmay be plotted asa summary
of thedata.
3 I I +
3
. _
+ o
o
++ N o
) ¢ Toe
yhatgl 1r + © (@] o_
XXX i o
yhatCy o © og °
R L oo ]
yhatCz ° 2
o
000 X + L ® o
Y means -1+ % o 8 |
O % o+ y
X x
© o
- - 10) o _|
o
-3 | | | | | ] ] ]
-6 -5 -4 -3 -2 -1 0 1 2 3 Ymeans =
(D (D (D (D

yhatC, ™ ,yhatCy ™ ,yhatCz™ , Ymeans

1.60406
2.00259
0.22335
2.3613
1.33423
2.74828
2.07243
1.17483
2.4067
1.64106
1.06888
244213
1.08339
2.34068
0.48383
1.06535
2.03431
2.77848
0.72911
0.03841
2.46307
1.80581
1.23028
—0.5552
0.68437
1.25272
1.99686
2.66977
0.34263
0.92677
2.3299
0.64521
—0.18543
0.57786
—0.60931
0.4251
0.41329
1.44115

—4.37481
-1.71496
1.30232

~1.56309
0.20352
1.86258
~1.11361
0.096
0.80043
-0.37251
~0.66274
-0.98903
~0.72586
-0.53871
~2.29148
-0.66832
-0.112
~0.54474
~0.56001
-0.22718
0.09236
0.30312
0.20751
-0.15296
0.27519
~1.86589
0.64606
-0.35726
~0.52765
0.30727
~1.67265
-0.74328
0.84299
0.39155
1.22403
1.7222
1.73721
~0.90956
0.99896
~1.96798
-0.03583

~1.11678)
1.33717
-0.18135 )
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MANOVA Table jw p. 299
Source SSP Matrix Degrees of Freedom
135.67315 -60.06734 10.94189 278134 -113.84136)

—60.06734 27.2449 -4.74615 -1.20156 59.0074
Treatment B=| 1094189 -4.74615 0.89727 0.2288dfg:=9g—- 1 dfg = 2

Matrix B 278134 -1.20156 022881 005839 -1.93937
11384136 59.0074 -7.88271 -193937 209.2042 )
187.57524 195623 -4.03151 109245 79.67229
| 195623 4178041 2.12844 —0.14274 —28.24236
,\RAZ;'S(“\?J/ Error W=| 403151 212844 357995 -0.28354 2.55869 dfw = 53
100245 -014274 -0.28354 007712 —0.99629
7067229 2824236 255869 -0.99629 338.02289 )
32324830 -58.11111 691038 3.87379 -34.16907)
TOTAL 5811111 69.03431 —261771 —-1.3443 3076504
(mean corrected) B+W=| 691038 -261771 447722 —-0.0547dfr:= N— 1 df = 55
387379 -13443 -005473 01355 -—2.93566

—34.16907 30.76504 -5.32402 -2.93566 547.31709 }
MANOVA tests jw p. 299-300.

Decomposition Model: Hypothesis testing:
Xi’j:u+ri+8i'j where:] =1 to im HO:‘cl:*cz:...‘cg:O
Restriction: m=1tog

_ H, : atleastonet <>0
Zn,t,=0 1
Wilk's Lambda Test Statistic:

Assumptions: W]

. Agi=—— Ag= 011977
All populations PP rs ST lw+ B| s
- 2
& rs N, &%) Lawley-Hotelling Trace:
Population variances equal
LHtr = tr(B~W_ 1) LHtr = 4.91364
Pillai trace:
. . Ptr .= tr[B~(B + W) 1] Ptr = 1.17196
Stringency of the test: o =001 <setas desired ) '
If assumptions hold and Hy is true then jw Table 6.3 & p. 300:
p>0 g=3 C=0d1-a,2p,2(N-p-2)] C = 250716
Decision Rule: Reject Hy if K> C:
«_(N-p-2) 1- &)
. p ) \/Ts ) K = 1851743  Probability: 1-pHK,2.p,2(N-p-2)]=0

Decision = if (K > C,1,0) Decison=1 <0 =Do not reject H,
1 =Reject H,
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 305:

a := 0.05 < Set probability of Type 1 error

ci= q{l—L,N—g} ¢ = 3.07408
p-g(g-1)
Differencein means between first & second populations:
i=1.p
0.90958 )
. Wi . 1) 0.42932
1= _aln " n =| 0.12566
N-g n, n, ) K
0.01844
1.22103 )
C||Ower = Xbarl — Xbar2 — CK C|upper = Xbarl — Xbar2 + C-K
-4.01301 157924
-0.40015 2.23941
i == augment(Cijower: Clupper) ci = | —0.42696 0.34561

—0.06419 0.0492

230282 9.80991 )
Differencein means between first & third populations:

i=1.p

0.77378)
N i1 1) 0.36523
K= rg(“_l * ”_3) x =| 0.1069
0.01569
1.03872 )
Cijower := Xbar1 - Xbar3 - CK Clypper = Xbar1 - Xbar3 + CxK

-6.3764 -1.61909)
0.83009 3.07555
i == augment(Cijower: Ciupper) ci=|-062343 0.03379
-0.1218 -0.02534

257898 8.96523 )
Differencein means between second & third populations:

= Lep 0.64411")
N Wi (1 1) 0.30402
K= r@(n_z ! ”_3) x = | 0.08898
0.01306
0.86466
Cijower := Xbar2 - Xbar3 - CK Clypper = Xbar2 - Xbar3 + CxK

-4.76091 -0.80082)
0.0986 1.96777
i == augment(Cijower: Clupper) ci=|-052769 0.01939
-0.10623 —0.02593
-2.94229 237378 )

Note: According to jw Result
6.5, Bonferroni simultaneous
confidence intervals apply to
ALL variables (=components
of mean vectors)
simultaneously for ALL
pairwise comparisons across
groups.



2005 jw631

Applying Fisher's Classification Procedure:

Seejw Eq. 11-67 p. 638

m=1.g-1 |zm:=1 0:=1.N N=56
<Discriminant scor es ar e stacked into a single list of objects (N=56),
T and aretransposed herefor computational convenience
yhat := stack(yhatg 1,yhat¢o, yhatgg)
<Matrix Obj iscreated to show ORIGINAL member ship of each object (ROWS)
Obj := augment(M<1>,yhatT) in agroup (first COLUMN) along with discriminant scores:
_ _ COLUMN 2 = first discriminant function
r 0 . <1>-2 COLUMN 3 = second discriminant function
Gly= _IZT-f(yhat) B (Ymeans ) d1 <Squarred discriminant distances between each object and the meansfor
_ ;7 each group arecalculated and placed in COLUM NS of matrix G
G2 - IZT-f(yhaI)<0> _ (YmeansT)<2> Fisher'scriterion saysto place each obj ect (ROW) inthe group (COLUMNS)
ot -1 showing the smallest distance (humeric valuein G)
o 3] 2] e.g., Object 1 (originally in Group 1 = m;) shows smallest distance with Group 1
G3 = IZT-f(yhaI)<0> _ (YmeansT) in matrix G - so if it was a" new" object (not part of thetraining set) it
ot -1 would beplaced (correctly) in Group 1.
G:= augment(G1, G2, G3) Note, hovx_/(-:-ver3 that Obj ect 8_isnot S0 lucky! Orig_inally in Group 2, asa
"new" object, it would bemis-classified as belongingto Group 1
1 2 3 1 2 3
1 1| -4.40897 | -1.48356 1 0.13569| 15.21417 | 34.31457
2 1 -5.215( -1.2571 2 0.72561| 18.98053 | 43.63277
3 1| -3.43934 | -1.29092 3| 0.90544( 9.88032| 23.71446
4 1] -5.0305( -1.42021 4 0.522| 18.59596  41.6394
5 1| -4.90511 | -1.02876 5| 0.28896( 15.77466 | 39.25027
6 1] -3.86498 [ -0.74783 6 0.39605| 8.96982 | 27.02195
7 1| -3.75978| -0.58907 7 0.65673| 7.89171| 25.79114
8 2| -2.93326 | 1.44765 8 8.65438| 1.49646 | 20.59381
9 2] -1.38846 | 0.89125 9| 12.95047( 0.30545| 8.39077
10 2| -1.28906 2.3408 10| 21.47666| 1.18866 | 13.07652
11 2 0.6328 2.8674 11| 40.94988| 7.85359| 9.74317
12 2| -1.47719| 1.87064 12| 17.32092| 0.34113| 11.93636
13 2| 0.02326 1.2693 13| 25.03642| 3.02603| 3.74037
Obj =|14 2| -1.64362| 1.58014 5=|14| 14.73274| 0.06412 | 11.78145
15 2| -1.53115| 2.42919 15| 20.6603| 1.22629| 14.84344
16 2| -2.38718 | -0.61066 16| 4.20682| 4.24593| 13.79675
17 2] -3.09465| 1.71254 17| 9.64389| 2.04444| 22.92017
18 2| -3.77605| -1.0894 18| 0.35927| 10.13631 | 26.61438
19 3| 1.60406 | -1.56309 19| 35.94611| 19.42741| 2.00026
20 3| 2.00259| 0.20352 20| 42.41444] 15.10533 0.6385
21 3| 0.22335| 1.86258 21| 30.01965 4.0331| 5.34183
22 3 2.3613| -1.11361 22| 45.3752| 22.6222| 1.99054
23 3| 1.33423 0.096 23| 34.06394 | 10.83803( 0.07794
24 3| 2.74828 | 0.80043 24| 54.41419| 20.20863 3.0547
25 3| 2.07243| -0.37251 25| 42.12087| 17.26733 | 0.62961
26 3| 1.17483 ]| -0.66274 26| 31.00473| 12.35054 ( 0.24799
27 3 2.4067 | -0.98903 27| 46.00528 | 22.3993 1.872
28 3| 1.64106 | -0.72586 28| 36.34357| 15.51896 ( 0.41123
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FISHER'S SAMPLE LINEAR DISCRIMINANTS FOR SEVERAL POPULATIONS

ORIGIN =1

Verifying Calculationsin Example 11.13 - p. 631 with three populations:

-2 5)
X1=10 3
-1 1)
Sample means:
n, = rows(X1)
i1:=1. nl
Inl_ = 1
i1
1071
Xbar1 =—-X1 It
N1
_1\
Xbal'1 = [ 3 )
Grand mean
g:=3
1
Xg_a'z Xbar, xg:(
k=1

Beween matrix - Eq. 11-60 p. 630:

RS T
= nk(xbark - Xg)(xbark - Xg)

k=1

Variance-covariance matrices:

|1;:idennn(nﬂ

1 T 1 T
S, = n_ 1-X1 11— n_"nl"nl \'Xl
1 1
|2;:idennn(nﬁ
1 T 1 T
S, = n_ 1-X2 12— n_'|n2'|n2 \Xz
2 2
I3::idenﬁn<n£
1 T 1 T
S;:= X3 [ 13— —InzIn3 \Xs
Ny — 1 n,

. prepared by:
jw 631A.mcd Wm Stein
0 6) 1 -2)
Xo=[2 4 X3:=]0 O
12) -1 -4)
n,:= rows(X2) ng:= rows(X3)
|2:1..n2 |3:1..n3
|n2_ = 1 |n3 = 1
i2 i3
1 T 1 T
Xbar25: — X2 In2 Xpar, = —X3 ‘In3
n 3 . n
2 3
1) 0
Xbar. = Xhar =
bar2 [4) bar3 [_2)
Note:
- All valuesare verified jw pp. 631-632.
0 \ - Touseformulaefor B & W matriciesbelow,
n;, X.bar; & S§ must be set up as VECTORS
1.66667 ) of numbers, vectors, & matricesrespectively

X

ol
ol
o

3

using MathCad's"[" function.

6 3)
3 62)

1 -1)

-1 4)

1 -1)
-1 4)

1 1)
14)
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Within matrix - Eqg. 11-61 p. 630:

g 6 —2)
W= (S W:[—z 24)
k=1
Discriminant matrix (W-1B):

W "B=

1 1.07143 1.4)
0.21429 2.7)

Descriminant function cogffidents:

_ . 2.86707 ")
A= t dsw B h=
reverse(sor (agenv S( ))) (0.90436 )
i=1. rank(W_ 1~B)
| ] 0.61487 —0.99295
g<l> = eigenvec(w 1-B,7»i) &= ( )
0.78863 0.1185 )

Scaling eigenvectorsinto linear discriminant coefficients:

Spooled =
g < Eq. 11-62p. 630 T . 254254 0 )
2 Spooled 0  1.12056)
k=1
"Notethat £TS, ,eq€ are not unity
A ( ot v L = (254254 1.12056
=\&  -Spoolede ) =(2 . ) < Squared length of sTspooIeds
prior toscaling
i - 0.38561 —0.93802
a<I> = L .g<l> < discriminant a= ( \ <val itied b. 687
{ (LZiE) coefficients 0.49458 0.11194 ) valuesverified p.
1
aT-Sp leg-a= ! O\ < coefficientsa are now scaled so that aTSp o areunity
00! 0 1) ooled

Discriminant scor es:

T 1 (17017 148375 0.10897) _

a-Xp = < Each column representsa point transformed
243573 0.33582 1.0499 ) from the original data matrix X, X5, or Xa.

T 1 (29675 274955 137478 : T

a-Xy = First rowsarefirst discriminant scores
0.67164 —1.42828 -0.71414 ) Second rowsare second discriminant soor es

Discriminant scoresmay be plotted asa summary

T T -0.60356 0 -2.36394)
a X3 =
3 " 11619 0 0.49026 ) of the data.
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FISHER'S SAMPLE LINEAR DISCRIMINANTS FOR SEVERAL POPULATIONS

ORIGIN =1 . prepared by:
jw 631B.mcd Wm Stein
Usingjw Table11.7 Salmon Data.
Two variables(columns 3 & 4) for USand 1] 2 3 4 5 6
Canadian populations (column 1)
1 1 21108 | 368
Reading the Data: 2 1 111311 355
M := READPRN("\DATA\T11-2.DAT") 3| 1] 1]105]469
n1:= submatrix(M, 1,50, 3, 4) 4] 1] 2] 86]506
5 1 1] 99| 402
72 := submatrix(M, 51,100, 3, 4) p:=2 <variables 6 1] 2| 87423
g:=2 <groups 7 1 1| 94| 440
8 1 2117|489
50 9 1| 2| 79(432
k==1. n, = rowdn n=
9 N o (50 ) 10| 1| 1| 99403
Summary Statistics: 1| 1 1]114| 428
Sample means: 12 1 2123 372
_ . | . 1 - | 08.38 \\ 13 1 1] 123|372
I1=1.n = X =T - X = =114 1 2109 | 420
1 1 n1Il bar, n 1 'nl *bar 42966 )
1 15| 1| 2[112]394
16 1 11104 | 407
17 1 21111 422
18 1 2| 126|423
. | . 1 - | 137, 46\\ 19 1 2105|434
19 = n = X =—TQ - X = 20 1 11119( 474
2 2 n2I2 bar, n 2 In2 %bar, 366.62 )
2 21| 1| 1[114]39
22 1 2100 | 470
23 1 2| 841399
24 1 2102|429
25 1 2101|469
26 1 2| 85444
27 1 1] 109 | 397
28 1 2| 106 | 442
Grand mean:
IT := submatrix(M,1,100,3,4 N := rowsIT) N = 100
, 1. T 117.92
i=1.N Ip=1 X = —I1 -l X =
n barGM N n barGM [398.1 4 )

Beween matrix - Eq. 11-60 p. 630:

38181.16 -61590.08)

Bi= 2 (b, ~ Xbarom ) (xbar, - XbarGM)T i [—61590.08 99351.04 )
k=1
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Variance-covariance matrices:

lq:= identity(nl)
1 T 1 T
S, = T l1- n_"nl"nl \'ﬁl
1 1
= identity(nz)
1 T 1 T
S, = ‘w2 [ 12— —-In2In2 \-Trz
n, - 1 n,

Pooled covariance matrix:

~Njw Eq 11-50p. 618

Within matrix - Eqg. 11-61 p. 630:
9
W= z (nk— 1)-sk
k=1

Discriminant matrix (W-1B):

1 1.27994 -2.06468
W "B =
-051784 0.83533 )

Descriminant function cogffidents:

s eigenvec(w_ 1-B,M) ( -0.927 )
€ =

0.37505 )

S (260.60776 ~188.09265

1~ | ~188.00265 1399.08612 )

326.0902 133.5049
S, =

1335049 893.26082

203.34898 -27.29388 \\
Spooled =

—27.29388 1146.17347 )

287482  -26748
W =

26748 112325 x 10°)

A= reverse(sort(eigenvals(w_ 1~B)))
2.11527)
i=1. rank(W_ 1~B) h= (

o )

Canonical Correlations:

7\’.
Fom [ — r = (0.82402)
! 1+
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Scaling eigenvectorsinto linear discriminant coefficients:

sT-spoo|ed-g = (432.28746)

»r

|-<i> = (8 “Spooled€ )

<Notethat £7S;,qeqe arenot unity

o)
L = (432.28746)

<Same as scaled eigenvectors(e) in jw313 citing Rencher

a<i> _ 1 ~g<i> < discriminant (—0.04459\
i coefficients = T < coefficientsa are now scaled
\l [L j1 0.01804 a -Spooled-a= (1) T .
sothat a Spooled® &r € unity
j==1.p
j = Spooled. . < Standardized discriminant coefficients asdescribed by
Js Renche and in jw313
ad0) -0.76364
diag \/E a= 0.6107 ) These may be usad to determinethe " importance" of each
’ original variablewith regard to each discriminant function
axiswithin the context of the other variables.
Discriminant scores:
object scores: < Each ROW represents apoint transformed mean Scor es.
yhatny :== mp-a from theoriginal data matrix w, @,, Or m,. T
Yhatbark = Xbark -a
yhatrp == mp-a First COLUMNS arefirst discriminant scores
Second COLUMNS are second discriminant scores Ymeans — stack(YhaIbarl,Yhatbarz)
Discriminant scores may be plotted asa summary
of thedata 3.3641 \
Ymeans =
550 0.48454 )
8%
500 [~ 1
X X
X X
x Rx X
I X X -
(TE )<2> 450 X X X X +
N X Xx X X x
) X X Xy +
(v2) o X 4
+++ a0k % xxX X Xox X 4 ++¢ ]
+ X + + + +
X + + + 4+ "
X + -F"+
X + +
+ +
++ X+ o+ 4+
350 [~ + + .
+ 7 #* ': +
1
300 | | | I+ | o |
40 60 80 100 120 140 160 180
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Mean Centered Discriminant scores (£):

j==1.p
object scores:
i=1. n

Qli,j = XbarGM  — (nl)iyj

yhatCy := C1-a
i=1. n2
G2 ;= XbarGM  — (nz)i j

yhatCo := {2>-a

mean Scor es:
-
Yhatbark = ((XbarGM - Xbark) )-a

Y means := stack(Y hatbar, Yhatbarz)

(—1.43978\
Ymeans =
1.43978 )

1

1| 0.10139
2| 1.36136
3| -1.85426
4 | -3.36881
5 | -0.91319
6 | -1.82703
7 | -1.82158
yhatCq =| 8 -1.68
9 | -2.34606
10| -0.93123
11| -0.71341
12| 0.69802
13| 0.69802
14| -0.79203
15| -0.18927
16| -0.78045

< Each ROW represents apoint transformed
from the original data matrix x;, 7, Or m,.

First COLUMNS arefirst discriminant scores
Second COLUMNS are second discriminant soor es

Discriminant scores may be plotted asa summary
of thedata

yhatCp =

1

0.09969

1.8307

2.56347

1.82866

2.52502

0.43595

1.32154

1.54175

O|loo|N|o|a| ]| W[IDN|F

1.63637

=
o

2.12136

(I
[N

1.47844

[EEY
N

0.78686

[EEN
w

1.53971

[EEY
N

2.54101

[EEN
a1

3.27175

=
()]

1.58463
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MANOVA Table jw p. 299

Source SSP Matrix Degrees of Freedom
38181.16 -61590.08)
Treatment B= digi=g-1 dig=1
Matrix B -61590.08 99351.04 )
Residual/Error W 28748.2 -26748 ) diyww:=N-g dfyy = 98
Matrix W 26748 112325 x 10°)
TOTAL 66929.36  —64264.88
(mean corrected) B+W= 5 dfr=N-1 dfr = 99
-64264.88 2.11676 x 10°)
MANOVA tests jw p. 299-300.
Decomposition Model: Hypothesis testing:
Xij=n+mt+g; where:j=1ton, Ho: % =1, = 1y =0
Restriction: m=1tog
n_z =0 H, : atleastonet <>0
Wilk's Lambda Test Statistic:
Assumptions: W]
All populations Py-P, rs Asi= |W + B As=0321

g ; rs N(0, o?)
Population variances equal

Stringency of the test: a = 0.01

< set as desired

Lawley-Hotelling Trace:
LHtr:= tr(B~W_ 1) LHtr = 2.11527
Pillai trace:

Prr = t] B-(B + W)~ 1| Ptr = 0.679

If assumptions hold and Hy is true then jw Table 6.3 & p. 300:

p>0 g=3

Decision Rule: Reject Hy if K> C:

K._(N—D—Z\ 1-[As)
ANy

Decision := if (K > C,1,0)

K = 36.72064

Decision= 1

C=qf1l-a,2p,2(N-p-2)] C = 3.41835

Probability: 1- pH K,2:p,22(N-p-2)]=0

<0 =Do not reject H,
1 =Reject H,
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 305:

a := 0.05 < Set probability of Type 1 error

= q{l % N- g} c = 2.27636
p-g-(9-1)
Differencein means between first & second populations:
i=1.p
W. .

i N_"(i R _(342509)

“9{" Ny 6.77104 )
C||Ower = Xbarl — Xbar2 - CK C|upper = Xbarl — Xbar2 + CK

: : :  (-46.87765 -31.28235)
i == augment(Cijower: Clupper) -

47.62667 78.45333 )

Note: According to jw Result
6.5, Bonferroni simultaneous
confidence intervals apply to
ALL variables (=components
of mean vectors)
simultaneously for ALL
pairwise comparisons across
groups.
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Applying Fisher's Classification Procedure:

m::]...g—l IZ
m

yhat :

Obj

Gl
(]

G2
(]

= augment(M

_IJ-[(yhat)<

_IJ-[(yhat)<

=1

o

o

augment(G1, G2)

Obj =

stack(yhatgl,yhatgz)T

<1>,yhaIT)

0:=

T

Y means

T

Y means

1.N

NI

=i

Seejw Eq. 11-67 p. 638

N = 100

<Discriminant scor es ar e stacked into a single list of objects (N=56),
and aretransposed herefor computational convenience

<Matrix Obj iscreated to show ORIGINAL member ship of each object (ROWS)
in agroup (first COLUMN) along with discriminant scores:
COLUMN 2 =first discriminant function
COLUMN 3 = second discriminant function

<Squarred discriminant distances between each object and the meansfor
each group are calculated and placed in COLUM NS of matrix G

Fisher'scriterion saysto place each object (ROW) inthegroup (COLUMNYS)
showing the smallest distance (humeric valuein G)

eg., Object 1 (originally in Group 1 = &;) shows smallest distance with Group 1
inmatrixG - soif it wasa" new" object (not part of thetraining set) it
would beplaced (correctly) in Group 1.

Note, however, that Object 8isnot so lucky! Originally in Group 2, asa
"new" object, it would bemis-classified as belongingto Group 1

1 2 3 1 2 3
1 1( 0.10139 1| 2.37521| 1.79128
2 1| 1.36136 2| 7.84641( 0.00615
3 1(-1.85426 3| 0.17179| 10.8507
4 1] -3.36881 4 [ 3.72117| 23.12258
5 1(-0.91319 5 0.2773| 5.53647
6 1| -1.82703 6| 0.14996( 10.67204
7 1(-1.82158 7| 0.14577| 10.6365
8 1 -1.68 8| 0.05771( 9.73304
9 1( -2.34606 9| 0.82135| 14.3326
10 1] -0.93123 10| 0.25862| 5.62169
11 1(-0.71341 11| 0.52762( 4.63622
12 1| 0.69802 12 4.5702 0.5502
13 1{ 0.69802 13 4.5702 0.5502
14 1| -0.79203 G=|14| 0.41958| 4.98097
15 1(-0.18927 15 1.56378 2.6538
16 1| -0.78045 16| 0.43471| 4.92944
17 1(-0.73893 17| 0.49119( 4.74679
18 1| -0.08819 18| 1.82681| 2.33468
19 1(-1.22291 19( 0.04703( 7.08992
20 1] -1.32025 20| 0.01429( 7.61778
21 1(-0.13617 21| 1.69939| 2.48363
22 1| -2.09523 22| 0.42961| 12.49627
23 1(-1.52786 23| 0.00776| 8.80689
24 1| -1.26647 24| 0.03003| 7.32381
25 1| -2.0326 25| 0.35144] 12.05744
26 1] -2.29501 26| 0.73142| 13.94866
27 1(-0.37714 27 1.1292 3.3012
28 1] -1.32263 28| 0.01372| 7.63093
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FISHER'S SAMPLE LINEAR DISCRIMINANTS FOR SEVERAL POPULATIONS

ORIGIN =1 . prepared by:
jw 631C.mcd Wm Stein
Usingjw Table 11.7 Crude-Oil Data - Graphing the Discriminant Functions.
Five variables (columns) from three sandstones
For thissheet wewill only usevariablesin columns2 & 3 so 1 3 2 5 6
we can graph them easily.
1 1 3.9 7.1414| 0.4472] 0.1416 | 12.19
Reading the Data: 2 1 2.7 7| 0.2646 | 0.1401| 12.23
M := READPRN("\DATA\T11-7trans.txt" ) 3 1| 28 6|0.5477 | 0.1429| 11.3
71 = submatrix(M,1,7,2,3) 4 1 3.1]6.7082( 0.2828 | 0.1389( 13.01
5 1 3.5|6.7823 | 0.3162 | 0.128 | 12.63
o := submatrix(M,8,18,2,3) p:=2 <variables 6 1| 39]|65574|02646| 0.16] 10.42
. = <groups 7 1 2.7]5.9161 0| 0.1957 9
73:= submatrix(M, 19,56, 2, 3) g:=3 <group
7 \\ 8 2 5(6.8557 | 0.2646 | 0.1416 6.1
9 2 3.4 | 5.6569 | 0.4472 | 0.1718 4.69
ki=1..9 n = rows(nk) n=|11
10 2 1.2 | 3.4641 0] 0.1805 3.15
Summary Statistics: 38} 11 2 8.4 4.1231 | 0.2646 | 0.1585 4.55
Sample means: 12 2 4.2 6 0.7071| 0.1081 4.95
_ . | . 1 Tl 3.22857\ y 13 2 4.2 (5.9161 | 0.7071 | 0.1757 2.22
Ip=1.n = X =71 - X = =114 2 3.9] 6.4031 | 0.3162 | 0.1776 2.94
1 1 n1Il bar, n 1 'nl *bar 6.58649 )
1 15 2 3.9 6] 0.2646 | 0.1616 2.27
16 2 7.3 ] 5.6569 | 0.5477 | 0.1247 | 12.92
17 2 4.4 6.7823 | 0.2646 | 0.1326 5.76
18 2 31| 5.4772 0(0.1953( 10.77
_ . | . 1 - | 4_44545\ 19 3 6.3 | 3.6056 | 0.7071 | 0.2358 8.27
Io=1.n = X =—nQ - X = 20 3 1.7 | 2.3664 1] 0.1757 4.64
2 2 n2I2 bar, n 2 In2 %bar, 5 66685 )
2 21 3 7.3| 4.899 0] 0.2304 2.99
22 3 7.8|4.2426 ( 0.7071 | 0.2551 6.09
23 3 7.8 51 0.8367 | 0.1855 6.2
24 3 7.8| 5.099 1] 0.1992 2.5
_ . | . 1 - | 7.22632\ 25 3 9.5]4.1231 | 0.2236 | 0.2841 5.71
I3:=1.n = X =3 - X = 26 3 7.713.7417 | 0.5477 | 0.2151 8.63
3 3 n3I3 bar,, n 3 In3 *bar, 463367 )
3 27 3 11| 4.4721| 0.7071 | 0.2342 8.4
28 3 8 3.7417 | 0.5477 | 0.2315 7.87
Grand mean:
IT := submatrix(M,1,56,2,3) N:= ronsIlI) N=56
1N L1 1T, 6.18036
i=1. = X =—II - X =
n barGM N n barGM 508072 )
Beween matrix - Eq. 11-60 p. 630:
5 T 5 135.67315 —60.06734
= N -(Xpar — X (Xpar. — X =
2 M (¥bar, ~ XoarGm ) (Xbar, ~ XbarGm) 6006734 27.2449 )

k=1
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Variance-covariance matrices:

lq:= identity(nl)
1 T 1 A 0.28905 0.12961)
Slzz 1 11— —Ihtlnt 71 Slz
n, -1 n 0.12961 0.22105 )
1 1 )
I identity(nz)
1 T 1 o 3.85273 0.11825))
S, = o | lp— —-Inplp2” w2 S, =
n,—1 n, ) 0.11825 1.07552)

I3:= identity(n3)

1 T 1 B 3.98145 -0.00011)
S, = -3 | 13— —:Ih3:In3 w3 S
37 ng-1 n, ) 3 \-0.00011 0.80292 )
Pooled covariance matrix:
g
Spooled = —_ (M-S 353916 0.03691)
3 (n)-9 i=1 Spooled = { 03601 0.78848 )
i=1

~Njw Eq 11-50p. 618

Within matrix - Eqg. 11-61 p. 630:

9 187.57524 1.95623
W= - 1) W =
kZ (nk ) * [ 195623 41.78941 )
=1

Discriminant matrix (W-1B):

A= reverse(sort(eigenvals(w_ 1~B)))
1 (073865 -032719) _ (w o) . (1-39786\
WoBs (—1.47196 066727 ) LW B 000806

Descriminant function cogffidents:

Canonical Correlations:
G _
s' = elgenvec(w 1-B,ki)

-0.44459 0.40873") Aj 0.76352)
€ = r.= —— r=
0.89574 0.91266 ) R Y

0.08944 )
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Scaling eigenvectorsinto linear discriminant coefficients:

T 130277 0 )

& Spooled® =| e, ) <Notethat £7S, o eq€ are not unity
. AT 3

s (s<l> -Spoo|ed-s<l> ) L = (1.30277 1.27554)

<Same as scaled eigenvectors(e) in jw313 citing Rencher

B9 Giscriminant _ (-038951 03619
Hin}j coefficients “ | 0.78478 080809) T 1 0\ < coefficientsa are now scaled
1 ' ' a -Spooled-a = T .
01) S0 that &' S, yeq0 ar e unity
j==1.p
0j = Spooled. . < Standardized discriminant coefficients as described by
N

Rencher and in jw313
-0.73278 0.68083")
0.69685 0'71755) Th_es_emay b_e usd to determinethe impor tance of eac_h

original variablewith regard to each discriminant function

axiswithin the context of the other variables.

diag\9)-a= (

Discriminant scor es:

object scores: < Each ROW represents apoint transformed mean Scor es.
yhatny :== mp-a from theoriginal data matrix w, @,, Or m,. T
Yhatbark = Xbark -a
yhatry = np-a First COLUMNS arefirst discriminant scores
Second COLUMNS are second discriminant scores Ymeans — StaCk(YhaIbarlaYhatbarZaYhatbar3)
yhatng := n3-a Discriminant scores may be plotted asa summary
of thedata
3.91135 6.49089)
9 I Ymeans= | 2.71565 6.18814
o 0.82165 6.35962
8 — —
o
o o +
° o o + L+ X
Un ° o e o .
(2 o O x X
yhatr; ° o @O o o +7 oX
Xxx 0¥ o o o 4 F+
yhatm, 6 % o o + ¥
o o © +
yhatTE3 | o n
000 5
(2
Y means o
> o
4 _
+
3 — —
o
2 | | | | |
-1 0 1 2 3 4 5
(D % v (v

yhatmy ~ ,yhatm, ~ , yhatnz ™, Y means
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Mean Centered Discriminant scores (£):

j=1.p
object scores:
=t 25054 —0.83996 )
L1 = Xpaom. — (n1). | -2.86185 -0.29142
- : " ~2.03812 0.48049
yhatly .= 1-a yhattq = | —2.47705 —0.20037 -1.85273
i 1n -2.37939 —0.40501 -1.53516
-2 —2.04709 -0.36803 -0.67123
C2, ;= Xbarom, - (72 | 201123 058447 16161
-1.49281
yhatCp = {2-a yhatts = | —1.42696
~1.926
=1y ~1.60966
C3, = XbaGM, - (713)i7j ~0.01606
-2.02883
yhatlz:= Cza 154994
mean Scor es: < Each ROW represents apoint transformed

from the original data matrix x;, 7, Or m,.

Yhatbark = ((XbarGM - Xbark)T)'a

~1.00718")
0.5406
3.10876
-0.02944
~0.02617
0.04163
-0.24335
0.0824
-0.8708
~0.73072
0.83057 )

yhatC3 =

First COLUMNS arefirst discriminant scores

Second COLUMNS are second discriminant soor es

Y means := stack(Y hatbar, , Y hatper Yhatbars)

of thedata.
4 |
o)
3 + -
o
yhatCl<2> 2 o 7
XXX <2>
yhatC, o
+++ <2> 1+ o ]
+
yhatC3 (@] o
000 £ + o %
Ymeans<2> +4+ © o o o
o — ++ (@] o @ =) —
o %< + o o
X o) o o)
X X o) O
o &P S
+ o)
. X + + (@] o) |
o o °
- | [6) ] ] ] |
-3 -2 -1 0 1 2
(D (D (D (D

yhatC, ™ ,yhatCy ™ ,yhatCz™ , Ymeans

Discriminant scores may be plotted asa summary

Ymeans =

1.20424
0.38497
0.57872
1.28861
0.69422
0.61652
2.04456
1.64275
2.35494
1.7596
1.52231
2.14554
1.3839
1.59936
1.81237
1.6161
1.35639
0.70348
0.41941
-1.46947
1.00766
0.39192
-1.69229
—0.58115
0.25157
1.8498
1.34221
1.85951
1.57592
0.85577
0.91374
—0.05729
—-0.58115
0.74243
-1.04928
-0.54291
-1.04857
—0.08298

—2.33145
-1.13575
0.75825

1.14873
3.81485
-0.25835
0.09113
~0.52092
~0.60092
-0.42753
0.53209
~1.25241
0.42352
~0.12601
~0.70505
0.57075
-0.88596
0.17266
~0.02944
~1.13615
-0.0536
2.09544
~1.9096
~1.11375
-0.8322
-0.46048
-0.6134
0.70185
~0.24658
-0.31147
~0.61808
-0.52861
0.86621
0.08662
1.90977
-0.6134
~0.08979
0.50683
0.03636
-0.17913
-0.10043 )

~0.14855)
0.15421
-0.01728 )
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Plotting the original variablesfor each group and discriminant function dir ections:

0) -
Mzero := (0) DFy := 3~augment(Mzero,a<1>> DF5 = 3~(augment(
3
o
(_ C1)<2>
XXX 1
(_ C2)<2>
+++ &
%0 T
DF?2>
o -ip °
DF,
+ o
-
o
-3 I I | |
~6 —4 -2 0 2
(_ C1)<1>a(— C2)<1>’(_ C3)<1>,DF1<1>,DF2<1>
00 00
DFq := \ DFy := \
20) 02)
2 | | 3
o
1B
yhatCl(z> + o
9 x4 ° o
yhatc, X © S
+++
yhatz;3<2> ol +++ o O O ©
——
(e]e] fe) o (o]
DF?Z) x x+ o o © .
© o o
_<2> N o) o) o
DF, . 0 o
-1+ + o o
- | ° | | | |
-3 -2 -1 0 1 2

yhatcy? yhatcs? yhatza ¥ DY DFsY

)

Wl 0.73865 -0.32719)
~1.47196 0.66727 )

<Plot of Original Datapoints (rever sed
in sign to allow simple comparisons)

Note: since W-1B - the Discriminant Matrix
istypically not symmetric, the @genvectors
(discriminant coeffidents) arenot at right
anglesto each other. Aswith other linear
transfor mations, the discriminant matrix
may beviewed asa way to distort the
multivariate space in a way that
"maximally" displaysthe difference
between means for the groups.

Herein both graphs:
first discriminant function = solid lines
second discriminant function = dotted lines

< Plaot of discriminant function " scores'

Discriminant function " scores' are
the pr oj ections of the datapoints
onto the discriminant function axes.
Although the discriminant
functions aretypically not at right
anglesto each other, they are
usually plotted asif they were.
Sincethe objective of such aplotis
"ordination" (datareduction), this
doeslittle harm.
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MANOVA Table jw p. 299

Source SSP Matrix Degrees of Freedom
135.67315 —60.06734
Treatment B= digi=g-1 dfg = 2
Matrix B -60.06734 27.2449 )
Residual/Error W 187.57524 1.95623 dfyw:=N-g dfyy = 53
Matrix W 1.95623 41.78941)
TOTAL 323.24839 -58.11111)
(mean corrected) B+W= dfr=N-1 dfr =55
-58.11111 69.03431

MANOVA tests jw p. 299-300.

Decomposition Model: Hypothesis testing:

Xi,j =ptTte where:j=1ton,

Restriction: m=1tog

HO:'cl:Iz:...rg:O

_ H, : atleastonet <>0
Zn,t,=0 1

Wilk's Lambda Test Statistic:

__ 1w
All populations Py-P rs Agi= w8l Ag= 0.4137

g ; rs N(0, o?)
Population variances equal

Assumptions:

Lawley-Hotelling Trace:
-1
LHtr:= tr(B~W ) LHtr = 1.40592

Pillai trace:

_1
Stringency of thetest: o := 001 <setas desired PIr = tr[B~(B +W) ] Pr = 0.590%6

If assumptions hold and Hy is true then jw Table 6.3 & p. 300:

p>0 g=3 C=0d1-a,2p,2(N-p-2)] C = 3505

Decision Rule: Reject Hy if K> C:

K = (N‘p‘z\.(l_\/rs\

p ) \/Ts ) K = 1442307  Probability: 1 - pA K,2:p,2(N-p-2) ] =2.11407 x 10

Decision = if (K > C,1,0) Decison=1 <0 =Do not reject H,
1 =Reject H,

9
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Simultaneous Bonferroni confidence intervals for treatment effects jw p. 305:

a := 0.05 < Set probability of Type 1 error

ci= q{l % N- g} C = 2.74091
p-g-(9-1)
Differencein means between first & second populations:
i=1.p
W. .

K= | | i ,(i R __ [0:90958)

“9{" Ny 0.42932 )
C||Ower = Xbarl — Xbar2 - CK C|upper = Xbarl — Xbar2 + CK

: : : ~(-3.70996 1.27619)
i == augment(Cijower: Clupper) -

-0.25711 2.09637 )

Differencein means between first & third populations: Note: According to jw Result

i=1.p 6.5, Bonferroni simultaneous
confidence intervals apply to
ALL variables (=components

W. .
K= | [—= 1. 1) _ (0.77378) of mean vectors)
N-g n, nS} - 0.36523} _simultaneous!y for ALL
pairwise comparisons across
groups.
C||Ower = Xbarl — Xbar3 - CK C|upper = Xbarl — Xbar3 + CK

. : _ ~ (-6.11859 -1.8769)
i == augment(Cijower: Ciupper) -

0.95177 2.95386 )

Differencein means between second & third populations:

i=1.p
W. .
ki = N—"(i L1 __(osam1)
“9(N N3) 0.30402 )
C||Ower = Xbar2 - Xbar3 - CK C|upper = Xbar2 — Xbar3 + CK

| | | (45463 -1.01542)
ci:= augment(cuower»C'Upper) B

0.19989 1.86648 )
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Applying Fisher's Classification Procedure:

yhat

Gl

0]

G2 .
o

Seejw Eq. 11-67 p. 638

m=1.g-1 1, =1 0:=1.N N=56
m
<Discriminant scor es ar e stacked into a single list of objects (N=56),
T and aretransposed herefor computational convenience
= stack(yhaity., yhat(p, yhatt 3) o , ,
@ <Matrix Obj iscreated to show ORIGINAL member ship of each object (ROWS)
Obj := augment(M ,yhaIT) in agroup (first COLUMN) along with discriminant scores:
_ _ COLUMN 2 = first discriminant function
r <1>-2 COLUMN 3 = second discriminant function
11T yhan® — (Ymeand) N : ,
L'z L A1 <Squarred discriminant distances between each object and the meansfor
_ _ each group arecalculated and placed in COLUM NS of matrix G
- —2
(2
— |zT' (yhat)<0> _ (YmeansT) Fishe_r‘scr iterion saysto place each o_bj ect (R(_)W) inthegroup (COLUMNYS)
- -1 showing the smallest distance (hnumeric valuein G)
o ~2] e.g., Object 1 (originally in Group 1 = x;) shows smallest distance with Group 1
© @ . : g v - .
T _ T in matrix G - soif it was a" new" object (not part of thetraining set) it
[ | (yhat) Y means !
- -1 would beplaced (correctly) in Group 1.
augment(G1, G2, G3) lll\lote,"hovx_/everz that Obj ect 8_|snot S0 lucky! Orlg_mally in Group 2, asa
new" object, it would bemis-classified as belongingto Group 1
1 2 3 1 2 3
1 1| -2.5054| -0.83996 1| 0.50831| 2.86431 | 11.32822
2 1] -2.86185 | -0.29142 2 0.30174| 3.17799| 13.18027
3 1| -2.03812| 0.48049 3| 0.48172( 0.92073| 8.06746
4 1] -2.47705 | -0.20037 4 0.02388 1.9248 | 10.50066
5 1| -2.37939 | -0.40501 5| 0.06807| 1.85937| 9.99514
6 1] -2.04709 | -0.36803 6 0.12903| 1.10328| 7.99297
7 1| -2.01123| 0.58447 7| 0.63986( 0.95159| 8.03212
8 2| -1.85273 | -1.00718 8 0.96642| 1.86287 7.7971
9 2| -1.53516 0.5406 9 1.109| 0.30882| 5.57094
10 2| -0.67123| 3.10876 10| 13.36638| 8.94516| 11.81551
11 2 1.6161 | -0.02944 11| 15.59729 7.6064 | 0.73605
12 2] -1.49281| -0.02617 12 0.7183| 0.16002 | 5.06732
13 2] -1.42696 | 0.04163 13| 0.85426| 0.09748| 4.77861
Obj =|14 2 -1.926 | -0.24335 5=|14| 0.17337| 0.78254| 7.25631
15 2| -1.60966 0.0824 15| 0.57432| 0.22974| 5.61692
16 2| -0.01606 | -0.8708 16| 5.88269| 2.30437| 1.32806
17 2| -2.02883 | -0.73072 17 0.4305| 1.58069 | 8.27683
18 2| -1.54994 | 0.83057 18| 1.56944| 0.62902| 6.04658
19 3| 1.20424 | 1.14873 19| 14.18402| 6.46464| 1.55848
20 3| 0.38497| 3.81485 20| 23.08749| 15.71292 | 14.82453
21 3| 0.57872| -0.25835 21| 8.48116| 3.10964 | 0.09035
22 3| 1.28861| 0.09113 22| 13.16225 5.8815| 0.29303
23 3| 0.69422 | -0.52092 23| 9.29332| 3.80459 | 0.25776
24 3| 0.61652 | -0.60092 24| 8.89519 3.6407 | 0.36073
25 3| 2.04456 | -0.42753 25| 19.22728| 10.45281 | 1.82291
26 3| 1.64275| 0.53209 26| 16.25752| 7.86287 | 1.08414
27 3| 2.35494 | -1.25241 27| 23.18076| 14.16352 | 4.07498
28 3 1.7596 | 0.42352 28| 17.06397| 8.45562( 1.19701
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COMMON SIMULARITY/DISTANCE MEASURES

ORIGIN=1 jw670.mcd

Table 12-5 Utility Data jw p. 687 Rows = utilities

Columns= measured variables

M := READPRN("\DATA\T12-5.DAT" )
n := rows(M) p := cols(M)

i=1.n k:=1.n j==1.p

: W : W
() 0 ()
DISTANCES between objects (rows):

Eucledean Distances:

. \/‘(X@ O y<k>)‘

Mahalanobis (Statistical) Distances (Squar ed):

| := identity(n) I :=1 <I=identity matrix, |, =identity vector
|

S:= L-MT-(I - 1-Ir,-ln-r)-M < Variance-covariance matrix
n-1 n

(& O s 1( 0 _ 0

D. = -S -y

i,k

Manhattan (City Block) Distances:

Ci - Z ‘(X<i> B y<k>)j‘
J

Minkowski metrics:

m:=1 < Setasdesred (m=1iscityblock, m=2 isEucledean)

1
m

[ 16 -9

i

prepared by:
Wm Stein

1.06

9.2

151

0.89

10.3

202

1.43

154

113

1.02

11.2

168

Al | W|N|F

1.49

8.8

192

2 3

0] 3989.41 140.4

3989.41

0] 4125.04

140.4

4125.04 0

2654.28

1335.47 | 2789.76

5777.17

1788.07 | 5912.55

2050.53

6039.69 | 1915.16

N|lo|lo| | W] N

1435.27

2554.29( 1571.3

17.09

15.99

17.09

19.91

15.99

19.91

7.23

6.21

17.96

20.37

27.47

23.27

Ol | W[IN|F

23.2

22.39

19.18

2 3

0| 4071.6 183.2

4071.6

0| 4250.54

183.2

4250.54 0

2710.31

1383.68 | 2889.37

5839.65

1818.19 | 6018.45

2127.07

6143.24 | 1954.29

Nl B W[N]

1476.98

2618.33 | 1651.8

2 3

0

4071.6 183.2

4071.6

0] 4250.54

MM =

183.2

4250.54 0

2710.31

1383.68 | 2889.37

5839.65

1818.19 | 6018.45

Ol | W[IN|F

2127.07

6143.24 | 1954.29
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ORIGIN =1 CLUSTERING - SINGLE LINK

jw683.mcd \F;\r/(r%npggdnby:
Example Agglomer ative Hierarchical Clustering using the SingleLink criterion - Example 125 jw p. 683
M := READPRN("\DATA\T12-4revised.txt" )
112 (3|4|5(6]|7([8]9 10|11
Convertingsimularities to distances: 1| o| 2| 2| 7| 6| 6| 6| 6| 7| 9| 9
2 2] Oof 1] 5| 4] 6| 6 6] 7| 8] 9
D:=10-M 3| 2| 1| o 6| 5| 6| 5| 5| 6| 8] 9
SingleLink Criterion = MINIMUM distances between groups 2l 71 51 61 ol 5| 9| 9| 9l10!| 8| 9
D= 5| 6] 4] 5| 5| 0| 7 7 7| 8| 9 9
6 6| 6 6] 9 7| O 2| 1| 3(10] 9
71 6] 6] 5] 9| 7| 2| O 1f 3f10f 9
8 6| 6 5] 9 7| 1| 1| O] 4(10] 9
9| 7] 7] 6]10| 8| 5| 3| 4| Of10f 9
10| 9| 8| 8| 8] 9(10|10|10( 10 8
11 9f 9 9 9 9| 91 9| 9 0
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CLUSTERING - COMPLETE LINK

Example Agglomer ative Hierarchical Clustering using the Complete Link criterion - Example 12,5 jw p. 683

M := READPRN("\DATA\T12-4revised.txt" )

Convertingsimularities to distances:

D=10-M
CompleteLink Criterion = MAXIM UM distances between groups

1(2|3|4[|5|6(7]8(9]10(11

1) 0 2 2] 7| 6| 6 6 6 7 9 9

2|1 2| 0| 1| 5| 4| 6] 6| 6 8 9

3| 2 1| 0| 6| 5| 6] 5] 5| 6| 8| 9

41 7] 5| 6| Ol 5| 9| 9| 9|10 8| 9

5|1 6 41 5| 51 0| 71 7] 7] 8] 9| 9

6| 6 6| 6 9| 7( O] 2| 1| 3|10| 9

71 6 6| 5| 91 7| 2] 0] 1| 3|10| 9

8| 6 6| 5[ 9| 7( 1] 1| 0| 4|10| 9

9| 7| 7| 6|10| 8| 5| 3| 4| 0|10| 9

10( 9| 8| 8| 8| 9|10(10]10| 10 8
11 9| 9| 9 91 9] 9] 9| 9 0
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CLUSTERING - UNWEIGHTED PAIR-GROUP USING AVERAGES (UPGMA)

Example Agglomer ative Hierarchical Clustering using the UPGM A criterion - Example 12.5jw p. 683

M := READPRN("\DATA\T12-4revised.txt" )

Convertingsimularities to distances:
D=10-M

UPGMA Criterion = Takethe UNWEIGHTED average distance
between groupsMAXIM UM distances between groups

D=

1(2|3|4[|5|6(7]8(9]10(11

1) 0] 2 2] 7| 6| 6 6 6 7 9 9
2|1 2 0| 1| 5| 4 6] 6| 6| 7| 8| 9
3| 2 1| 0| 6| 5| 6] 5] 5| 6| 8| 9
41 7] 5| 6| Ol 5| 9| 9| 9|10 8| 9
5|1 6 41 5| 5|1 0| 71 7] 7] 8| 9| 9
6| 6 6| 6 9| 7( O] 2| 1| 3|10| 9
71 6 6| 5| 91 7| 2] 0] 1| 3|10| 9
8| 6 6| 5[ 9| 7( 1] 1| 0| 4|10| 9
9| 7| 7| 6|10| 8| 5| 3| 4| 0|10| 9
10( 9| 8| 8| 8| 9|10(10]10| 10 8
11 9| 9| 9 91 9] 9] 9| 9 0
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CLUSTERING - WEIGHTED PAIR-GROUP USING AVERAGES (WPGM A)
Example Agglomer ative Hierarchical Clustering using the WPGMA criterion - Example 125 jw p. 683

M := READPRN("\DATA\T12-4revised.txt" )

112 (3|4|5(6]|7([8]9 1011
Convertingsimularities to distances: 1| o| 2| 2| 7| 6| 6| 6| 6| 7| 9| 9
2 2] Oof 1] 5| 4] 6| 6 6] 7| 8] 9
3|1 2] 1] 0] 6| 5| 6 5 5 6 8| 9
WPGM A Criterion = Takethe WEIGHTED aver age distance 41 7| 5| 6/ 0| 5[ 9| 9| 9/10| 8| 9
between groupsMAXIM UM distancesbetween groups. The b 5( 6 4| 5| 5| of 7| 7| 7| 8| 9| 9
!ast element Imked' to a group countsas much as the others 61 6l 6l 61 ol 71 ol 21 11 3110l 9
in the group combined.
71 6] 6] 5] 9| 7| 2| O 1f 3[10f 9
8| 6| 6 5] 9 7| 1| 1| O] 4(10] 9
9| 7] 7] 6]10| 8| 5| 3| 4| Of10f 9
10| 9| 8| 8| 8] 9(10|10|10( 10 8
11 9f 9 9 9 9| 91 9| 9 0
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CORRESPONDENCE ANALYSIS

jw715.mcd preparegl by:
ORIGIN = 1 J Wm Stein
Example 12.18jw p. 715 Contingency table with two variables. A (threelevels) & B (two levds)
M := READPRN("\DATA\T12-10.DAT" ) 112131215 s 171159l
1| 9 8| 3| 51 6| 0| 5/ 0| 0] O
r:=rows(M) r=38 ¢ := cols(M) c=10
2|1 8 9|1 8] 71 0] 0] 0] O] O] O
i=1.r j==1.c 3| 5| 4| 9| of 7| 7| 4| 6| of 2
M=4| 3| 4| o| 6| 9| 8| 7| 6| 4| 3
=1 lg=1 5| 2] 2| 4] 5| 6] 0] 5] 0] 2| 5
. o . 6| 0| ol of of 2| 7| 6| 6] 7| 6
Calaulating Total number of observationsin matrix M : T ol ol ol ol ol ol 71 2l &l 5
. 8| 0| 0] O] O] O] 5] 4] 8] 8| 9
T=2 2 M T- 202
i
0.03082 0.0274 0.01027 0.01712 0.02055 0 0.01712 0 0 0 )
Matrix P of frequencies: 0.0274 0.03082 0.0274 002397 0 0 0 0 0 0
0.01712 0.0137 0.03082 0.03082 0.02397 0.02397 0.0137 0.02055 0 0.00685
5 1 M 5 0.01027 0.0137 0 0.02055 0.03082 0.0274 0.02397 0.02055 0.0137 0.01027
T | 0.00685 0.00685 0.0137 0.01712 0.02055 0 0.01712 0 0.00685 0.01712
0 0 0 0 0.00685 0.02397 0.02055 0.02055 0.02397 0.02055
0 0 0 0 0 0 0.02397 0.0137 0.02055 0.01712
0 0 0 0 0 0.01712 0.0137 0.0274 0.0274 0.03082 )
Calaulating Row (R) and Column (C) vector sof sums of matrix P:
. 0.12329" 0.09247"
T 0.10959 0.09247
C=P 0.18151 0.08219
) 0.17123 0.10959
Dy := diag(R) R=
0.10616 0.10274
i C=
D := diag(C) 0.11644 0.09247
0.07534 0.13014
0.11644
CalaulAting diagonal inver se squar et matricesDr'UZ& DC']J2 and matrix A: ) 0.10274
0.09247
1
Dinvsgrty := diag —\ 0'10274}
VR
: (1)
Dinvsgrtc := diag E ) 018 015 0 003 007 -011 001 -011 -0.11 -0.11)
017 0212 019 0211 -011 -01 -0212 -011 -01 -011
A= Dinvsqrtr-(P—R-CT)-DinvsqrtC 0 -002 013 008 004 006 -006 001 -0.13 -0.09
A -0.04 -0.02 -012 001 01 009 0.01 002 -0.02 -0.06
| -0.03 -003 005 005 009 -01 003 -01 -0.03 0.06
-01 -01 -01 -011 -005 013 004 0.08 013 0.08
-0.08 -0.08 -0.08 -0.09 -0.09 -0.08 0.14 0.07 016 011
-01 -01 -01 -011 -011 006 -0.01 014 016 017 )
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Singular Value Decomposition of a Matrix (from Matrix AlgebraToolbox jw 084.mcd):

m:= rows(A) Kk := cols(A)

YU = re\/erse(sort(eigmvals(A-AT>))

YV = re\/erse(sort(eigmvals(AT-A>))

= 1. rowdAAT) = 1. rowdATA)

U<i> = eigenvec(A-AT ,yui)

V<j> = eigenvec(AT-A,yV )
j

7»::\/%

i=1.k-m k-m=2 Z .=0
m

A= augment(diag(x),z)

—0.39042
—0.53268
—0.19986
0.06979
—0.08195
0.40046
0.36336
0.46892

0.38774
0.38558
0.34953
0.30064
0.11083
—-0.20218
—-0.18519
—-0.31395
—0.42003
—0.35495

0.08311
0.4985
—0.38891
—0.5382
0.01512
—0.08307
0.48503
0.24757

-0.21076
—0.24276
—0.18206
0.13553
0.58167
0.54005
—0.07562
0.06439
—0.34836
—0.28969

N

0.47814
—0.40802
—0.40889

0.17259

0.42706
—0.14776

0.32324

-0.315

0.06164
0.01057
—0.40795
—0.05396
0.48562
—0.46257
0.50896
—0.33937
0.0394
0.0345

YU =

—0.4562
—-0.09251
0.36216
—-0.31809
0.7086
—-0.18661
0.09371
—-0.07263

—0.40292
—0.43452
0.57182
0.26465
0.15977
—0.26868
0.02909
-0.15671
-0.11651
0.33932

0.09618
0.0721
0.04555
0.01107
0.00454
0.00388

—0.03768
-0.07379
0.43908
—0.05439
-0.41601
-0.00416
0.62981
-0.47713

—0.0582
—0.19499
0.23432
0.00063
—0.23333
—-0.09782
0.60261
0.33659
—-0.06249
—0.59944

0.53673 )

TV =

o )

—0.33691
0.34196
-0.32169
0.1596
0.16851
0.58951
—-0.01639
-0.51421

—-0.32693
0.19683
0.11673
0.08255

—-0.16067
0.39427
0.19554

—-0.65731
0.37722

—-0.20021

0.09618
0.0721
0.04555
0.01107
0.00454
0.00388
0
0

-0.40707
0.24645
—-0.18076
0.61224
—-0.03071
—0.55865
0.21722
0.07627

0.42471
—0.26351
0.32936
—0.66442
0.07718
0.26684
0.15201
—-0.25071
—0.14565
0.12616

o )

0.53673 )

0.35112))
0.33104
0.42604
0.4138
0.32583
0.34123
0.27449
0.34123 )

0.16413
0.43824
0.34774
0.17881
0.39287
0.2543

0.32748
0.36671
0.29052
0.28805

073262 )
0.31013
0.26851
0.21342
0.10519
0.06737
0.06231

300387 x 10 °)

0.16413 0.16417)
0.43824 0.4382
0.34774 0.34774
0.17882 0.17884
0.39287 0.39288
0.25431 0.25431
0.32748 0.32747
0.36671 0.36671
0.29052 0.29056
0.28805 0.28804 )

O O O O o o o o
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Initeria:

i = 1. rowsn)

Tl := Z YU, Tl = 0.77005
i

0.53673 )
0.09618
0.0721
0.04555
0.01107
0.00454
0.00388

o )

YU =

Calaulating Correspondence analysis coor dinates:

Dsqrty := diag(yR)

Dsorte = diag(\/(_:)
F:=D, 1-(Dsqrtr~ U)-A

G:=D¢ 1~(Dsqrtc- V)-AT

Matrix F represents
vector positions for
ROWSof M

Note: typically thefirst two
(or three) columns of F and
G areplotted together...
See plot below

Matrix G represents
vector positions for
COLUMNSof M

-0.81462 0.07341 0.36564

-1.17887

0.73262
0.31013
0.26851
0.21342
0.10519
0.06737
0.06231

0.46701 -0.33094

—0.34368 —-0.28311

0.12357 -0.40337

—0.18426

0.85979

0.96982

1.00677

0.93418

0.92897

0.8932

0.66534

0.25331

-0.4871

-0.3761

—0.71758

-1.01196

-0.81128

0.01439

-0.0755 -0.11627

0.54802

0.22501 -0.24787

—0.21495

—0.24759

—0.19695

0.12697

0.5628

0.55079

—0.06501

0.0623

—0.35529

—0.28029

300387 x 10 °)

-0.2577

0.69701
0.1249
0.09363

0.01437
0.00589
0.00504

o )

—0.05964 -0.02345

0.05915 < Proportion of Inertia for each

singular value squared A2 = yU

9

-0.27728 -0.01129 -0.06465 -0.07224 3.00387 x 10 ~ 0O

9

0.0696 0.04639 3.00387x 10 ~ 0

9

0.18142 0.10841 -0.05087 -0.02644 3.00387 x 10 ~ O

0.11199 -0.16405 -0.01383

0.35194

0.3162

0.05443

0.00933

—0.38208

—0.04377

0.40681

—0.40846

0.37883

—0.28429

0.03479

0.0289

0.46413 -0.13431

-0.11671 -0.00128

0.07286 0.24137 -0.00402 0.04931

—0.04543 -0.14709 -0.10153 0.01393

-0.28279 -0.02013

—0.30497 -0.06745

0.42567 0.08598

0.17062  0.0002

0.10638 -0.07658

-0.18857 -0.03384

0.01721 0.17572

—0.10434 0.11047

—-0.08177 -0.02162

0.22593 -0.19673

9

0.02599 0.09219 3.00387x 10 ~ 0

9

0.03484 -0.00587 3.00387x 10 ~ 0

9

0.1164 -0.10201 3.00387 x 10 ~ O

—-0.07244 0.08703

0.04361 -0.054

0.02743 0.07158

0.0168 —0.12506

-0.03377  0.015

0.08736  0.05468

0.03652 0.02626

—0.13816 -0.04874

0.08358 -0.02985

—0.04208 0.02453

9

3.00387x 10 ~ 0

9

3.00387x 10 ~ 0

162132 x 10 %)

432915 x 10 2

3.64349 x 10

162253 % 10 °

368181 x 10 °

251214 x 107 2

272685 x 10

3.43666 x 10 °

286093 x 10 °

260945 x 10 °)
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0.5
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0.3

0.2

-0.1
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-05

-15 -1 -05 0 05

Compare thisplot with jw fig. 12.26 - I1t'sthe same!

F=ROWSof M = Trees
G =COLUMNSof M = Sites

15
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CORRESPONDENCE ANALYSIS repared by:
jw715A.mcd prepared oy

ORIGIN =1 Wm Stein

Verifying calculationsin Example 1218 jw p. 715 Contingency table with two variables: A (threelevels) & B (two leves)

M := READPRN("\DATA\Ex12-18.txt" )

24 12)
r:=rows(M) r=3 ¢ := cols(M) c=2 M=|16 48
_ 60 40 )
i=1.r j==1.c
Ir_ = 1 Ic_ = 1
i i
Calcaulating Total number of observationsin matrix M :
T=2 M T - 200
P
Matrix P of frequencies:
0.12 0.06)
P:= lM P=|0.08 0.24
T
03 02)
Calaulating Row (R) and Column (C) vector sof sums of matrix P:
0.18) 018 0 0)
R:= Pl¢ R=|032 Dy := diag(R) Dr=| 0 032 0
05 ) 0O 0 05)
T 0.5) _ 05 0)
C=P C= D¢ := diag(C D¢ =
' (0.5) c:= diag(C) ¢ (o 05)
Calaulting diagonal inver se squaret matrices D, V2 & D12
235702 O 0 )
- o L) - V2
Dinvsgrt, := diag — Dinvsort, = 0 1.76777 0 _6 = 2.35702
R/ 0 0  141421) '
. (1) _ 141421 0
Dinvsgrtc := diag — Dinvsgrtc = 2=141421
e ag[\/E) e [ 0 141421) &
Verifying matricesP-RCT and A:
P-RC' = 06058 ;06(233\ A = Dinvsgrty-(P - R-CT)-Dinvsat 01 -01)
-RC =|-0. ) := Dinvsgrt,-\P— R-C" )-Dinvsartc A-l_02 02
0.05 -0.05) 01 01
0.02 -0.04 0.02)
T T 0.06 -0.06)
A-A° =|-004 0.08 -0.04 A A=
-0.06 0.06 )

002 -004 0.02 )
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Singular Value Decomposition of a Matrix (from Matrix AlgebraToolbox jw 084.mcd):

T

A=A < Note: | transposed matrix A hereto conform to the examplein the toolbox.
Thisallowsall calculationstofollow automatically but changesthe
m:= rows(A) k := cols(A) definition of U & V compared with Example 12.18...
B _ T ~ 0.12)
U= reverse(sort(agenvals(A-A >)) U= ( 0 ) Note: asin thetext, Eigenvaluesfor the
0-12\ different productsof A aredesignated y
YV = re\/erse(sort(eigmvals(AT-A>)) yw=| 0 (gamma) y, & v,
0 ) . .
A ted E t xtracted:
i=1. rows(A-AT) j= 1..rows(AT-A) SSOaEed EIgenvectors are earac
o eigenvec(A.AT,yu_) L [~oToru 0.70711)
| =
0.70711 0.70711)

O _ 0.40825 -0.05241 —0.05241\

V= e'ge”"ec(A Aty ) V=|-08165 042551 042551
0.40825 0.90343 0.90343 )
0. 34641\ ,
A= ,/yU Singular values (lambda) are calculated.
_ 0)
i=1.k-m k—-m=1 Z .:=0 Z= (k-m) Extra columnsof zerosare needed
m, i O) . .
for sngular value matrix A
A =
0 00)
T 01 02 _0_1\ 01 -02 01 \ A isthematrix of singular values and zeros

UA-VE = 01 -02 01) “01 02 -01) Singular Value Decomposition confirmed!

Comparing values of the singular value decompasition functions svd & sdvsin M athcad:

0.40825 —0.23961 —0.88086 )
_ _ _ 0.12
0.8165 —0.52738 —0.23496 070711 070711 s(T ) )
T 0.40825 —0.81514 0.41094 svadA'A)=| 0
svdlAT.A) = daaT)_ | 07712 —0.70711‘ o)
svd\A- =
040825 0 0.91287 070711 070711
-0.8165 0.44721 0.36515 070711 070711 ) o s(A-AT>— 0.12)
040825 0.89443 -0.18257 ) Lo
1)
-0.70711 0.70711) V2 ‘ 0.70711)
-\ 070711 0.70711) 1 | \ovor11) 1)
V2 ) ﬁ < Confirming values
040825\ givenfor U & V
040825 —0.05241 —0.05241) 2 ' ) (first column)
V=|-08165 042551 0.42551 Ve |~ ~08165 jwp. 716
040825 0.90343 0.90343 ) 1 0.40825 )
Ve )
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Initeria:

i = 1. rowsn)

Tl := Z YU,
i

Tl =012

~ 0.12) - 0.34641) 1 7\2 - 1) < Proportion of Inertia for each
v 0 ) o ) TI 0) singular value squared A2 = yU
Calaulating Correspondence analysis coor dinates:
Dsarty = diag(yR) 042426 0 0 )
Dsarty = 0 0.56569 0
Dsarte := diagly/C) 0 0 070711)
F:= D “(Dsqrt-v)-AT
=br r 0.33333 0) — 070711 0 _ (070711 070711)
_q F-| —o5 o ¢ 0 o70711) 070711 0.70711)
G:= D¢ ~(DsqrtC-U)-A '
02 0)
0.40825 -0.05241 —0.05241\
Matrix F represents 5.55556 0 3
vector positions for 1 \ V =| -0.8165 042551 0.42551
ROWSof M Or "= 0 3150 0.40825 0.90343 0.90343 )
, -0.34641 0 0 0 2)
Matrix G represents =
vector positions for 0.34641 0 0)
COLUMNSof M 034641 0 0\
o120} 1o oo
Comparing Resultsjw p. 717 02)
Simplified Calculation of F & G: jw Reporton p. 717: | can calculatetheir report by replacing D-1/2
with DY2- pbut isthis an error on their part?
3
| - 0.33333 0) ﬁ 006 0)
Dinvsgrt-V-A° =| -05 O g 0.06\ DsqrtrV-AT _|_016 0
0.2 0) V.12 E =1 -0.16 01 0)
01
5 )
V3)
1)
Dinvsart~U-A = ~034641 0 0) 2 0.17321 -0.17321 0 0)
Sarte
034641 0 0) V2| o |= Dsorte U-A =
-1 -0.17321 ) 017321 0 0)
2 )

Note: typically thefirst two (or three) columns
of F and G areplotted together...

However this caseisdegenerate: only a single
axisof variation for F or G can be plotted (one
dimensional plot).

Formulasfor MatricesF & G on jw p. 714 clearly use D-1/2
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